o 



m 



o 
o 



- 1—1 

X 



ALGEBRAIC DIFFERENTIAL EQUATIONS 

FOR ENTIRE HOLOMORPHIC CURVES 

IN PROJECTIVE HYPERSURFACES OF GENERAL TYPE: 

OPTIMAL LOWER DEGREE BOUND 

JOEL MERKER 



Abstract. Let X — X n c P" +1 (C) be a geometrically smooth projective 
algebraic complex hypersurface. Using Green-Griffiths jets, we establish the 
existence of nonzero global algebraic differential equations that must be satis- 
fied by every nonconstant entire holomorphic curve C — > X if X is of general 
type, namely if its degree d satisfies the optimal possible lower bound: 

d> n + 3. 



o 

. , The case n — 2 dates back to Green-Griffiths 1979, while according to very 

i -Q ' recent advances (Invent. Math. 180, pp. 161-223, February 2010), the best 

& . (and only) lower degree bound known previously in arbitrary dimension n was, 

using instead Demailly-Semple jets: 

d ^ 2" 4 n 4 " 3 3™ 3 n 3 ™ 2 (n + 1)™ 2+1 n 2n 12, 

which, visibly, was far from the conjectured n + 3. 
^ ! 
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§1. Introduction 

Let X be an n-dimensional (n ^ 1) compact complex manifold and assume 
it to be of general type, i.e., if as usual Kx = A n T x denotes its canonical line 
bundle, assume that the dimension of the space of global pluricanonical sections: 

h°(X, (K X f m ) > Constant • m dimX (Constant >o) 

grows the fastest it can, as m — V oo, namely the Kodaira dimension of X is 
maximal equal to n. According to a theorem due to Kodaira, X can then be 
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2 Joel Merker 

embedded as a geometrically smooth projective algebraic complex manifold in 
a certain complex projective space P Ar (C). Though it is somewhat delicate to 
select good embeddings, it is algebraically convenient to view X as being pro- 
jective per se. 

In 1979, Green and Griffiths ll20ll conjectured that there should exist in X a 
certain proper algebraic sw^variety Y £ X (possibly with singularities) inside 
which all nonconstant entire holomorphic curves / : C — > X must necessarily 
lie, without any such / being allowed to wander anywhere else in X\Y. 




According to a strategy of thought going back to Bloch, modernized by 
Green-Griffiths and viewed in a new light by Siu, the 'first half of this con- 
jecture — so to say — consists in showing that there exist some nonzero global 
algebraic jet differentials that must be satisfied by every nonconstant entire holo- 
morphic curve f-.C—tX (see |42] [301 [TTJ for aspects of the 'second half, not 
at all considered here). 

The principal theorem of this memoir is presented specifically in the case 
where X = X n C P n+1 (C) is a (geometrically smooth) n-dimensional hyper- 
surface, because the main mathematical difficulty is essentially to reach arbitrary 
dimensions n ^ 1, as was shown recently by the complexity of some of the for- 
mal computations sketched in ||29l[T7l for the case of dimension n — 4. But be- 
cause a substantial part of our proof relies upon works of Briickmann (J51 [6l 13) 
which hold in fact for complete intersections, it is very likely that our results may 
be transferred to such a more general context. Also, one could consider entire 
holomorphic maps C p — V X n having maximal generic rank p with for any fixed 
1 ^ p ^ n, as did Pacienza and Rousseau ( 11321 ) recently for p = 2 in the case of 
X 3 C P 4 (C). Furthermore, we hope more generally that the techniques devel- 
oped here could in the future enable us to handle any X n C P JV (C) of general 
type having arbitrary codimension N — n, but probably requiring more than just 
general type as a workable assumption dl43~1 ). At least in codimension 1, we are 
able to gain the following optimal result toward the Green-Griffiths conjecture. 

Main Theorem. Let X = X n C P n+1 (C) be a geometrically smooth n- 
dimensional projective algebraic complex hypersurface. If X is of general type, 
namely if its degree d satisfies the optimal lower bound: 



d^n + 3 



then there exist global algebraic differential equations on X that must be identi- 
cally satisfied by every nonconstant entire holomorphic curve f: C — > X. 
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More precisely, if S^^Tx denotes the bundle of Green-Griffiths jet polyno- 
mials^ of order n and of weight m over X, then the following holds true. 

Firstly: for any fixed ample line bundle stf — > X — take e.g. simply g/ := 
&xiX) — , one has: 
(1) 

h\X, £%*T X ® *~*) > {Ki)n{{K + i)n _ iy {^d(d n 2)» - Constant*,, • (log.)- 1 }- 

- Constant^,,, • m (K+1)n_2 , 

and the right-hand side minorant visibly tends to oo, as soon as both k ^ nP n d 
and m ^ mJJ d K are large enough. 

Secondly: If P is any global section of S^^T X (g) &rf~ x , hence which van- 
ishes on the ample divisor associated to srf, then every nonconstant entire holo- 
morphic curve f : C — > X must satisfy the corresponding algebraic differential 
equation P(j K f) = 0. 

Since the late 1990's, after fundamental works of Bloch, Green-Griffiths and 
Siu, the so-called Ahlfors-Schwarz for entire holomorphic curves was clarified 
in full generality, and the second statement above is nowadays (well) known to 
be a consequence of the first (see e.g. Section 7 in ifTTI '). 

The case n = 2 of this theorem dates back to Green-Griffiths 1979 dl20l0 . 
In 11361 . Rousseau was the first to study effective (Demailly-Semple) jet differ- 
entials in dimension 3, under the conditions d ^ 97. In lfi~4~l . Diverio treated the 
next dimensions n = 4 and n = 5 (improving also n = 3 with d ^ 74), under 
the conditions d ^ 298 and d ^ 1222. In ||29l , the author of the present article 
improved for n = 4 the lower bound to d ^ 259. In |fT5l , Diverio showed the 
(noneffective) existence of a lower bound degree d n such that d ^ d n insures ex- 
istence of nonzero global jet differentials. An effective d n was captured in IfTTI 
(see d\, p. 192): 

d ^ 2 n4 n 4n3 3 n3 n 3n2 (n + 1)™ 2+1 n 2n 12, 

far from the optimal n + 3, see Section 13 for some explanations. Also, one 
must mention that except in the original Green-Griffiths article [20] for the case 
n — 2, none of the references cited provides explicit effective minorations of h° 
as (OQ) just above. 

In conference talks given in the CIRM (June 2009), in the Hong-Kong Uni- 
versity (August 2009) and also later in some seminars (Paris, Marseille, Lyon), 
the author announced that he was able to gain the Main Theorem under the con- 
jectural assumption that one can majorate the dimensions of the positive coho- 
mology groups of the general Schur bundles^: 

h q = dimH q (X, yi^-MT^) ( q = i-n) 



See Sections 2 and 3 for exact definitions. 

Definitions and properties may be found in Sections 1 1 and 4. 
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over X by a specific formula of the general type: 
(2) 
h q ^ Constant,, ■ [l + d + ■ ■ ■ + d n+1 ] ■ (^ - i 3 ) 



J2 (4 - 4)* • • • (4-i - 4) At - 1 (4) A '+ 



3l+— +|9n-l+j9n=Ti 

/3„^n-l 



n(n + l) 



1 + |^| 2 !), 



where |£| = ^ + • ■ ■ + £ n , in which, principally, the exponent (3 n of i n is con- 
strained to be ^ n — 1. In fact, we shall establish that a certain graded bundle 
Gr'S'^Tx introduced by Green and Griffiths themselves which is naturally as- 
sociated to the jet bundle S^^T X decomposes as a certain well controlled direct 
sum of Schur bundles: 

with multiplicities M^™ in G N understood in combinatorial terms and which 
are zero for some obvious reasons when \l\ is less than — . As is known (cf. Sec- 
tion 2), the cohomology of S^^T X is controlled (majorated) by the cohomology 
of Gr'S'^T^. The conjectural majoration © above was then the most pru- 
dent majoration which would insure that each positive cohomology dimension 
(1 < q < n): 



m ( K + l)n-l 

(k!) ?1 ((K+l)n-l)! 



< .n;!', ■ o M (io g («) re - 1 ) + o nXK ( m (-n 



(Sections 7, 8, 9 and 10 are devoted to establishing the second inequality) is ma- 
joratedj by a quantity which becomes asymptotically negligible in comparison 
to the Euler-Poincare characteristic computed in 1979 by Green and Griffiths: 

x{x, oa = (.■^iTn-i). {^ ~ n - 2 ) n S2 %r + Qm( i°g(«) w - 1 ) }- 

+ O n ,, d , K (m^- 2 ), 

so that a minoration for h° of the sort claimed by the Main Theorem above then 
immediately follows from x = h° — h 1 + ■ ■ ■ + (—l) n h n by observing simply: 

hP > x - h 2 - h 4 - h 6 - ■ ■ ■ . 



Throughout the paper, we shall sometimes write 0„.d, K (?Ti( K+1 ^ 1 2 ) to denote a quantity 
which is majorated by Constant„.d K ■ rrS K+1 ^ n ~ 2 . 
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But in fact, we shall obtain a majoration better than ©: 

h* SC Constant^ (£< - l 3 ) {i x - l 2 )& ■ ■ ■ (4-i 



l^i<j^n 



3i+-+^_ 1 =n 



n(n + l) 



1+|£|— X ) 
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§2. Universal combinatorics of Green- Griffiths jets 

Algebraic hypersurfaces in a complex projective space. Let n > 1 be a posi- 
tive integer. On the complex euclidean space C n+1 \ {0} with the origin deleted, 
consider so-called homogeneous coordinates: 

[z\ :— \zq : Z\ : ■ • • : z n : z n +ij 

with the convention that for every nonzero c G C \ {0}, any [cz] all of which 
coordinates are equally c-dilated is equivalent to [z] : 

\czq : cz\ : • • • : cz n : cz n+ ij = \Zq : Z\ : • • • : z n : z n+ \\ . 

The set of such [z : • • ■ : z n+ i] constitutes the so-called complex projective 
space of dimension n + 1 : 

Pn+i(C) := { \Zq : z\ : • • • : z n : z n +ij } 

= {Z = (Z Q , *!,..., Zn, Z n+1 ) G C n+1 \ {0}}/(z ~ C* Z) , 

and is a compact complex manifold. Consider now a complex projective alge- 
braic hypersurface: 

X n c pn+l( C ) 

of dimension n given as the zero-set: 

X = {[z :z 1 : . . . : z n . z n+1 ] GP n+1 (C): 

P\ZQi Zl, ■ ■ ■ , Z n , Z n +x) = 0} . 
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of some polynomial which is homogeneous of a certain degree d ^ 1, say of the 
general form: 

P:= J2 coeff-ZoV 1 --"^;-! 1 

/3o+/3i + ---+/3„+/3 n+ i=d 

with fixed complex coefficients Pfi ,p 1 ,...,p n ,fi n+1 , one of them at least being 
nonzero. We assume throughout that X is geometrically smooth, namely the 
differential of P is nonzero at every point of X. 

Jets of holomorphic discs in X. In a local chart (X, x ) ~ (C n , 0) centered at 
a point xo G X equipped with n complex coordinates (xi, . . . , x n ), one looks at 
holomorphic discs passing through £ : 

f:(p,0)^(C n ,0)~(X,x ), 
namely with /(0) = x , which possess of course n components: 

(/l(C),/ 2 (C),-..,/n(C)). 

For any integer k ^ 1, the associated K-jet map of any such a holomorphic disc 
gathers all its nn derivatives up to order k with respect to the (single) source 
variable (gD: 

J J (.0 = \Jll • • • i Jnl J\t ■ ■ ■ 1 Jm > / 1 i • • • i Jn ) (.0 • 

Accordingly, one is led to introduce nn new independent jet coordinates that will 
simply be denoted as: 

yj/^, . . . , J, n , J/ j , . . . , J/ n , , Jj n , . . . , ^ n j , 

so that (x, a;', x", . . . , x^) provide n+nn coordinates on the space of reentered 
K-jets of maps D — > X. 

Weighted homogeneous jet polynomials. Above any fixed point x G X, 
Green- Griffiths ( Il20l0 introduced a certain "fiber" which consists of all polyno- 
mials in these jet variables x\ , 1 < % ^ n, 1 ^ A ^ k, that are of the following 
type: 

(3) 

P (*',*",..., *M) = J2 coeff aua2 _ ati .(x') ai (x"r---^ iK T 

| ck 2 I H~2| Q 2 | H h^lc*/* |— m 

where m ^ 1 is some integer, where o>\ = (a.\,i, • • • , «A,n) G N n for 1 ^ A ^ k 
are multiindices of length \ct\\ = «a,i + ■ ■ ■ + a\, n , and where coeff ai]a2j ... ]Q , re are 
arbitrary complex coefficients, or equivalently if written in greater length: 

x; coeff Q1 , Q2 ,..., aK - n «r i n o^r*- n o^r*- 

|a^|+2|a2|H hn:|a K |— m 

Visibly, such polynomials enjoy weighted homogeneity: 

P(Sx', S 2 x", ..., S K x {K) ) = 5 m P(x', x", ..., x {K) ) 
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of the fixed weight m with respect to the anisotropic complex jet dilation defined 
by: 

whence for memory in all what follows one sees that: 

m = weight = (fixed) total number of appearing "primes". 

Lemma. As the point x$ runs in X, these polynomial fibers organize coherently 
as a holomorphic vector bundle iS^m^x over X °f ran k equal to the number of 
arbitrary coefficients coeff Q , liiiQ , K , namely to: 

Card {(ai, c*2, • • • , a K ) E (N n ) K : |«i| + 2|ck 2 | + ■ ■ ■ + n\a K \ = m}. 



Proof. Consider an arbitrary change of (local) holomorphic chart on X: 
(xx,...,x n ) i — > (j/i,...,y n ) = (*i(xi,...,x n ), , *„(xi,...,x n )), 

understood as inducing a change of local trivialization for the bundle. One must 
establish that the new coefficients of the transformed jet polynomials express 
linearly in terms of the coefficients of ©. 

To begin with, the knowledge of how the y- express in terms of the x[ is 
provided by an application of the chain rule for the differentiation of a composed 
holomorphic disc £ i-» *&(/]_(£), . . . , f n (())- The closed combinatorial formula 
writes as follows, for any A with 1 ^ A ^ k and for any j with 1 ^ j ^ n. 

Theorem, (see [[H |23) The X-jet of \Pj(/i, • • • , f n ) is given by the following 
multivariate Fad di Bruno formula, written without the argument C' 

[*i(/i,-./„)] w = E E E E 



(ri!)^iui!---(r e !)^u e ! 

e=l 1^ti<---<t c ^A /*i^l,...,/i e ^l (UitH hM c ^e = A v ' ^ v y ^ 

E E 



9x11 • • • cJccoi 9x,= • • • 9x,e 

f( Tl ) . . . f ( Tl ) f ( Tc ) . . . f( T =) 

J -'1 J ol i> 7? J j e ' 

To read this general formula, we comment it backward, understanding it 
rather as a (polynomial, invertible) transformation between independent jet vari- 
ables: 

A 

vr 



-E E E E 



(ri!)^iUi!---(T e !)^/x e ! 

e=l l^Ti<---<T c ^A ftl>l,...,^ e >l filTH hPe-T e =A V ± ' ^ V E ' ^ 

y, A ^1 + - + ^^. 

#,...,^=1 jf,-.JS e =i Jl ^i Jl J "« 

. -r^ . ■ ■ t (ti) t^ . . . <r-( Te ' 

* -1 • t ,-l •*-,•» *,-« • 

Jl Jiii Jl -'Me 
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The general monomial H 2 '* Yl x » ' ' ' 1~I x » m me J et variables gathers 
derivatives of increasing orders T\ < r 2 < • • ■ < r e with /i 1; /i 2 , . . . , /i e counting 
their respective numbers. Then ^ is subjected to a partial derivative of order 

A*i + A*2 + 1 - /U e > the total number of letters x\ in the monomial in question. 

Because there are n + 1 variables Xi, the dots in the x. should receive indices, 

and in fact, there appear general sums V™ c , over all possible such indices. 

This precise closed combinatorial formula is not really needed for the 

proof of our lemma, and instead, it is sufficient to know that each y • ' is 

a certain polynomial in the xf , with coefficients depending linearly upon 
the A-jet of ^, the weight [i\T\ + ■ ■ • + fi e T e of each appearing monomial 

x -i ■ ■ • x i x% ■ ■ ■ xfe being constant equal to A, and this fact is easily 

proved by a rough induction argument. We can abbreviate this as: 

» d y ™ fry 



OXii . . OXi-, ■ • • OX{ 

H=l u,...,*A=l 



Consequently, we must, as said, examine how an y-jet general polynomial 
of weight m like the x-jet polynomial P in ©: 

Q(y', y\ . . . , yW) = £ Q ai , a2 ,..., aK • (</)- (l/T ■ ■ ■ {v^T 

a 1 ,ct2, •■-, a«6N" 
|«1 |+2|a2lH {-^\a K \—m 

is transformed. From the theorem stated above (or from the rough induction 
argument), we deduce that a general monomial of a weight m: 

\y) [y ) ■■■[v ) ■■■ (y ) = 



Q A 



'E*^4 A) +-+ E »•*■■• 



a,^ j, n . . . o,j A 






r x /)ft . . . ( x («))/3« 



is clearly transformed to a jet polynomial of weight m: 

(»')"■■■«••= £ H S, , ;...£(^*) 

|#t|+-+/e|/9„|=m 

having coefficients that are certain universal polynomials in the K-jet of \I/. It 
therefore follows that Q(y', . . . , y^) is transformed to: 

£ £ Q aii „^, • h« Cf *) • (^T 1 • • • (* w )^ 

|ai|4—+K|a K |=m|j8i|H— •+K| J 8 / «|=m 
|/3l|+-+K|y8 K |=m 
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with the following linear relationship between coefficients: 

P/w.= E H^;;;;-(i^)-Q Q1 ,..., QN . 

This shows that S^T X effectively is a vector bundle, because the cocycle re- 
lations and the inverse trivializations follow from the transitivity and from the 
invertibility of change of local coordinates on X. □ 

Symmetric pluri-tensor decomposition. As is known in the domain ( ||20l ITT1 
17]), a certain graded holomorphic vector bundle Gr'S'^T^ naturally associ- 
ated to this Green-Griffiths bundle S^T^ happens to decompose into the fol- 
lowing direct sum of multi-tensored symmetric powers of the cotangent bundle 
T* x oiX: 

Gr '^ T x = Sym^T^ <g> Sym' 3 7£ ® • • • <g> Sym'T£ 

Informally speaking, such a decomposition just relates to the fact that the general 
m- weighted polynomial © on p. [6] looks like a linear combination of (tensor!) 
products of the (individually symmetric!) monomials (x') ai , (x") a2 , . . . , (x^) aK 
with, say for a good correspondence: 

l\ = |ai|, £ 2 = \oc 2 \, , 4 = \a K \. 

But this view is not rigorous, so let us explain with more details than in ll20l [TT1 
[HI how one builds the graded bundle Qx'S^T x . 

Consider again the transformation ©. If «a+i = • • • = a K = for some 
A, one sees that after expansion, the total number |ai| + 2|a 2 | + • • • + A|«a| of 
primes remains unchanged. However, if there exists some fj, with A + 1 ^ /i ^ k 
such that a^ ^ 0, then in general the expansion of the factor y&{x)w\ * adds a 
total of /u|a M | further primes to the monomials in x', x", . . . , x^ that was already 
obtained by expanding the first A factors r&(x)') x • • ■ (\l/(a;)^ A ^) A . Thus in all 
cases, after an arbitrary change of coordinates x i— >■ \l/(x), the A-restricted weight 

|ai|+2|a 2 |H t-A|o;a| can only increase. Following ll20l . one may hence define 

for any A fixed in advance with 1 ^ A ^ k a (decreasing) filtere d sequence: 

OS = ^ => &l ^ &l => ••• ^ ^ => {0} = ^ A m+1 

of subbundles of S^T X whose pieces for any q = 1,2, ... , m are naturally 
defined by: 

f P (a/, .... x (A) , . . . , x (k) ) € £?2Ty involving only monomials ' 

Notice that ^" = S^T X . If we now set ^ = « - 1, the graded bundle 
associated with this filtration: 

Gr*os = (-^-i/^-i) © • • • © (^riV^T-i) © C^x 
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is constituted of quotient factors: 

which consist of polynomials P as above for which: 

\oci\ H h (« - l)|a«_i| = g 

modulo polynomials for which |«i| + • — h (k — l)|a K _i| ^ g + 1. It follows at 
once that q + n\a K \ = m in such polynomials, that is to say: 

q = m — k£ k 

for some integer £ K e N with Ent[^] ^ ^ K ^ 0. In particular, this quotient 

^k-\J ' ^l-i reduces to {0} whenever m — q is not divisible by k. 
We now claim that: 

C^Ol) ~ ^Xra-.iXx ® SynZ-Tj. 

Indeed, under an arbitrary change of coordinates x (->■ ^(x) = y, the constituents 
x^ K ' of the monomials of highest jet (x^) K with |a„| = i R are transformed to: 

n 

yW = J2 V^ 4 K) modulo (x', . . . ,x^), 
11=1 

so that they visibly transform in exactly the same covariant way as the covectors 
in T x , namely: 



rf\p = y^ $ Xii dx h , 



n=i 

and so, the (x (k) ) Qk transform as Sym £K T£. The other constituents of Jv^ K 
depend only on the (k, — l)-jet and are of the remaining weight m — k£ k , whence 
the claimed isomorphism follows. 

Putting together all these isomorphisms, we get: 



kf- G i, m _^ K Tl Sym^Ti) (4^,™^ ® Sym°Ti) 



Ent[^l3^«>l 



= ^, m ^ K Ti®Sym £ «Ti. 

Now an induction of this isomorphism applied to Gr*(^i ( j m -«^ ^x) yields me 
announced decomposition for Gr'^^TJ. 

Theorem. 77ze holomorphic vector bundle S^^T X of Green-Griffiths polynomi- 
als of weight m in the n-jet of local complex curves D — y X admits a natural 
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filtration whose associated graded bundle is isomorphic to the following direct 
sum of multi-tensored symmetric powers of the cotangent bundle: 



£i+2£H \-K£ K =m 



Furthermore, for every q = 1, 2, . . . , n, one has the inequalities: 

dimH q (X,^T^)^ J2 dimH q (x, Sym ei T^®Sym e2 T^(g)---®Sym eK T^y 

l 1 +2l 2 +-+Kl K ,=m 

To complete the proof, it only remains to check the inequality between the 
cohomology dimensions. Let us consider instead in greater generality the fol- 
lowing situation, which clearly embraces the last claim above. 

Lemma. Suppose a holomorphic vector bundle E — > X admits a filtration: 

{0} = E r+ i C E r C E r _i C • ■ ■ C Ek+i C Ek C E^-i C • • • C E\ C E = E 
by nested holomorphic subbundles Ek, the associated graded bundle being: 
Gi'E = E r © {Er-ilE r ) © • • • © {Ek/Ek+i) © {E k -i/E k ) © • • • © (Eq/E^. 

where, for a good notational correspondence: Gr k E := E k /E k +i- Then for ev- 
ery q = 0, 1, . . . , n, the following inequality between cohomological dimensions 
holds: 

r 

dimH q (X, E)<:J2 dim H<1 ( X > E k/E k+ i). 

Proof. To each obviously true short exact sequence: 

(5) — ► Gr k E — ► E/E k+l — ► E/E k — ► (*=o, i, .... r) 

is associated the long exact sequence between cohomology groups: 
(6) 
vH q (X, Gr k E) — ► H q (X, E/E k+1 ) — ► H q (X, E/E k ) —►••-, 

and the trivial majoration: dim B ^ dim A + dim C of the dimension of any 
member B of any long exact sequence of vector spaces by the sum of the dimen- 
sions of its two immediate neighbors gives us here: 

dim H q (X, E/Ek+i) < dim H q (X, Gr k E) +dim H q (X, E/E k ) (k = o, l, .... r). 

Starting from k = for which Gr°E = EjE\ and E/E = {0}, a plain sum- 
mation up to k = r of these inequalities cancels out all factors involving E / E k 
except only one on the left: E/E r+ i = E, and we get the desired inequality: 

r 

dim H q (X, E) = dimH q (X, E/E r+1 ) <: ^ dim H q (X, Gr k E) 

which, when applied to the Green-Griffiths bundle, terminates our detailed resti- 
tution of the theorem. □ 



12 Joel Merker 

Furthermore, in specific situations where the dimensions of the first coho- 
mology groups of the graded pieces E k /E k+1 do not vanish but happen to be- 
come asymptotically (much) smaller than the dimensions of their zeroth coho- 
mology groups, a useful second lemma is as follows. 

Lemma. Under the same assumptions and just for i — 0, in addition to the 
above majoration h°(X, E) ^ Y7k=o h°{X, E k j ' E k+ i), one has the minoration: 

r r 

h°(X, E)>Y, h °( X > E k/E k+ i) - J2 hl ( X ' E k/E k+ i). 

fc=0 fe=0 

Proof. As a preliminary, we observe that any long exact sequence 

— yA^B^C^D^--- 
can be stopped at its fourth term by replacing it with the four-terms sequence: 

— > A — > B — >C — > Im(c) — ► 

which is easily checked to be also exact. Then by considering the basic equality 
which comes out by alternately summing the dimensions of its members: 

= dim(A) - dim(B) + dim(C) - dim(Im(c)), 

we deduce from the trivial inequality dim(Im(c)) ^ dim(D), the useful minora- 
tion: 

dim{B) ^ dim(A) + dim(C) - dim(D). 

Applying now such an inequality to the first four terms of the long exact sequence 
associated to the A;-th quotient exact sequence © above: 

_ ¥ H°(X, Gr k E) — > H°(X, E/E k+1 ) -- ► H°(X, E/E k ) — ► H X (X, Gr k E) 

we readily deduce: 

h°(X, E/E k+1 ) > h°(X, Gr k E) + h°(X, E/E k ) - h l {X, Gr k E). 

Starting then from k = for which Gr°E = E/E 1 and E/E = {0}, a plain 
summation of these inequalities up to k = r cancels out all terms involving an 
E j ' E k except one: E/E r+ \ = E, and we get the announced minoration. □ 

As a corollary, by applying this second elementary lemma to the Green- 
Griffiths bundle, we gain a possibly useful general minoration: 
(7) 
h° {X, ^gT* x ) > Y, h ° ( X > S y m ' 1T i ® Sym' a T£ ® ■ ■ ■ ® SynArJ 

il+2ta+-+Ki K =m 

^ h 1 (x, Sym fl T£ ® Sym*»3£ ® ■ ■ ■ g> Sym iK T x 

tl+2£ 2 +-+Ki K =m 

Hence it is now clear that, in order to establish existence nonzero global sections 
of S^m^x on hypersurfaces of general type, it would suffice that the consid- 
ered sum of h l, s grows less substantially than the sum of h°'s, as k tends to 
oo and as m » k tends to oo too. We conclude this section by recalling that 
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the Euler-Poincare characteristic transfers better than cohomology dimensions 
through exact sequences, namely without inequalities. 

Lemma. The Euler-Poincare characteristic of the Green-Griffiths bundle is 
equal to that of its associated graded bundle: 

x(X,^T* x )= X (X,Gr'^T* x ). 

Proof. In fact, in the general context of the previous two lemmas, because for 
any exact sequence of finite-dimensional vector spaces: 

— ► Ai — > A 2 — ► > A N — ► 

one may easily check that the alternating sum of dimensions vanishes: 

= dim Ai - dim A 2 -\ h (-1)^ dimA N , 

one deduces from the long exact sequence of cohomology © that: 
= h°(X, Gr k E) - h°(X, E/E k+1 ) + h°(X, E/E k )- 
- h\X, Gr k E) - h l (X, E/E k+1 ) + h\X, E/E k ) + 

+ + 

+ {-l) n h n {X, Gr h E) - (-l) n h n (X, E/E k+l ) + {-l) n h n (X, E/E k ), 
or else after gathering terms column by column, that: 

= X {X, ^ k E) - X (X, E/E k+1 ) + X {X, E/E k ). 
Finally, a plain summation J2k=o yields me formula claimed. □ 

§3. Euler-Poincare characteristic computations 

Theorem. ( ||20l0 On an arbitrary compact complex projective manifold of di- 
mension n ^ 1, the Green-Griffiths jet bundle <S^T X has an Euler-Poincare 
characteristic asymptotically given by: 

X (X,^T X ) = x (X,G r '^T x ) 

J2 X (X, Sym^T x ® Sym /a T£ ® • • ■ ® Sym'T^) 



h+2l 2 +-+Kt K =m 



((«+l)n-l)! (k!)" 



[cir ^r +0n{{logK) n^ + 0nK{ 



)V. 

where c\ = Ci(T x ) = — Ci(Tx) is the first Chern class of T x , a (1,1)- 
cohomology class on X, and where: 

(i) the first remainder is a linear combination of homogeneous^ terms 
(cl) Xl (c* 2 ) X2 ■ ■ ■ (c*) An with Ai + 2 A 2 + ■ ■ ■ + n X n = n, with rational coeffi- 
cients all bounded in absolute value by Constant^ (log K) n ~ 1 ; 



As usual, we understand implicitly that each (n, n)-cohomology class (c*) J ■ • ■ (c* ) " is 

x 



integrated over X, hence represents the numerical value J x (cJ) Al • • • (c* ) x 
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(ii) the second remainder is a polynomial in m of submaximal degree 
^ (k + l)n — 2 whose coefficients are linear combinations of the same 



(c^) Al (c2) A2 • ■ ■ (c*) An with rational coefficients all also bounded in absolute 
value by Constant nA . 

In the case where X C P n+1 (C) is a hypersurface of degree d ^ 1, each 
homogeneous monomial (c^) Al (c2) A2 • • ■ (c*) A ™ — implicitly integrated on X, 
as usually understood in complex algebraic geometry — expresses in terms of n 
and d by means of some universal formulas as follows. Let h : = Ci(<^ P n+i(l)) 
denotes the hyperplane (1, l)-cohomology class, which satisfies h n = J x h n = 
d. Then one may represent (" IfTTTl . p. 170): 



Cx = — h(d — n — 2) 

<8) C3 = -,,v-^d 2 + ^-<sfy 

c„ = (-i)" h"(r - $$l, <f-> + • ■ ■ + (-1)" <£f ). 

Recall that the Chern classes of the tangent Tx and of the cotangent bundle T x 
of the hypersurface X C P n+1 (C) are linked together by the simple relation: 

c* k := c k {T x ) = (-l) k c k {T x ) = (-l) k c kl 
for k — 1, 2, . . . , n. It follows notably for instance that: 

(c*) n = (-\) n (-h) n (d - n - 2) n = d(d - n - 2) n . 

Generally speaking, one easily convinces oneself that each homogeneous degree 
n monomial cpd? • • • c T ™ identifies with a certain polynomial: 

n+l 

fe=l 

with respect to d = degX having degree ^ n + 1 with integer coefficients 
£iti,t2,...,t„ g ^ Furthermore, the constant coefficient (7^ 1 ' T2 '-' T ™ = is zero, 
because the factor h Tl+2T2+ ' " +nTn = ff 1 = d is clearly always present in every 



c^cr 2 



1 u 2 Si • 

As a result, the Euler-Poincare characteristic of S^T^ 



x- 



:i)4 + ii;-i): H rf - " - 2 ^^ + On^dog^- 1 )} + O nAK (m^->), 



iir 



visibly tends to +oo as m and k tend to +oo as soon as X is of general type, that 
it is to say, as soon as: 

degX ^ dimX + 3. 
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Proof. With more details, we redo Green-Griffiths' proof; fundamentals may be 
found in flU (pp. 50-59 plus Chap. 15), in [H and in I12TI 
To begin with, introduce the formal root decomposition: 



:{T X ) = 1 + c* + c* + ■ ■ ■ + < = (1 + a*)(l + a* 2 ) ■ ■ ■ (1 



a 



n ) 



of the total Chern class, namely of the sum c(T x ) of the c* so that c* is the 2-th 
elementary symmetric function of the Chern roots a* : 

c i= E W" a A (* = o,i n). 

Kji<J2<---<ji<n 

Similarly, let the a,,- denote the Chern roots of c(T x ) = 1 + Ci + ■ ■ • + c n and 
let the symbol [ ]j denote projection to the (j,j )-cohomology class, so that for 
instance [l + c* + • • • + c*] . = c*. To prove the theorem, we must apply 
the Riemann-Roch-Hirzebruch theorem ETTl which states that the Euler-Poincare 
characteristic: 

X(X, Ol) - E (-l) 9 dimi^(X, g^T x ) 
is equal to the integral over X: 

X= [ [ch«S^)'td(^)] B = / £ M<niT x )] n ^MT x ]\ 3 

J X J X j_ Q 

of the (n, n)-part of the product between the Chern character ch(<£^T£) of 
^K,m T x ( t0 be computed in a while) and the Todd clasB of T x : 

t^)^-^--^ = l + ±c 1 + ^ + c 2 ]+---. 

As usual in asymptotic complex algebraic geometry (cf. |[T2l l24l l25l ). for the 
product: chern • todd, picking cohomology classes of positive degree ^ 1 in 
td(T x ) forces to pick classes in ch(<f K GG Tj) of bidegree ^ (n — 1, n — 1), 
and then the associated m-contributions are smaller than the maximal possible: 
m (K+i)n-i_ ]yj ore precisely: 

Lemma. For every j — 0, 1, . . . , n, one has: 

and consequently all terms Y^j=i are negligible for our purposes, whence: 

X(X, 0*) = I [ch(^Tl)] n + O n „ K (m^)"- 2 ). 
Jx 



Of course, all terms of degree ^ n + 1 in the a j are = 0, since the associated cohomology 
classes vanish, as does any form of bidegree (p, q) with p ^ n + 1 or q ^ n + 1. 
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Proof. As is known, the Chern character of the jet bundle equals that of its graded 
decomposition, and the Chern character is both additive on direct sums and mul- 
tiplicative on tensor products, so that we can write: 

ch(OS) = E ch(Sym^) ch(Sym^) • ■ ■ ch(Syn/»2£). 

Furthermore, recall that the Chern character of an arbitrary symmetric power of 
T x is given, in terms of the a*, by the known formula: 







ch(Sym^) 


X\-\ \-Xn=£ 

ii,...,i„ef} 


We 


can 


therefore apply this to £ = 


= £ x for all A with 1 < A ^ «: 






ch(Sym^) = 


Y^ g^Aia^H \~X\ n a* 

x\i~\ \-x\„=i\ 



where we have introduced nonnegative integers x\i E N, i = l,...,n 
parametrized by A. When we expand the product of all the k sums involved, 
the exponentiated terms add up and the obtained sum together with the initial 
sum ]Cii+...+«* K =m unify as a single big sum: 

ch(^ G m r l)= J2 exp{(x 11 +---+x Kl )a*+---+(x ln +---+x Kn )a;} 

SllH \-Xi n 

+ + 

+k(x k iH Yx Kn )=m 

in which the £\ have been naturally removed, with the only constraint that 
Y2x=i ^ ( x ai + ■ ■ ■ + a; An) be constant equal to m. Now we observe the gen- 
eral summation rule: 

by simply taking u\ := m — u 2 — ■ ■ ■ — u M , where the Uj E N. Thus, we 
may eliminate Xn in our argument of summation and it follows at once for any 
j = 0, 1, . . . , n that the quantity we want to estimate is equal to: 

[<^{ g ^ T x)] n -3 = J2 (n _ -V [(^i + ^21 + • • • + ZkiK + • • ■ + (»ln + ' ' ' + SC«n)a;] 

xi 2 H hxi„ ^ "" 

+ + 

where the symbol xn means that x n is replaced by its value m— x 12 ki k „. 

Classically, by making the change of variables: 

•£l2 _ 2?lrc _ %k.1 _ -^"Kn 

Z/12 :— , • • • , 2/in :— , , Vk\ '■— , • • • , Vku '■— , 

mm mm 

the discrete Riemann-like sum just obtained can be approximated by a continu- 
ous integral performed on a (nn — 1) -dimensional simplex against the standard 



n-j 
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measure of R^ 1-1 : 

[ch(# K G £T!)] = m Kn - 1+n -J f yv2+ ... +yin dy 12 ■ ■ ■ dy ln dy Kl ■ ■ ■ dy Kn - 

y^y [(yn + yi\ H V 2/«i)ai + V (yi„ H h 2/«n)a*]" J + 

+ 0„, K (m^+ 1 )"-^ 2 ), 



(" - J') 



the remainder being automatically at most of the order of the submaximal power 
of m. The integral remaining being visibly independent of m, the conclusion is 
got. □ 

Consequently, in order to compute asymptotically our Euler-Poincare char- 
acteristic, we only have to estimate the integral above for j = 0, in which y^{ is 
of course an abbreviation for 1 — yi2 — • • • — ny Kn . To this aim, we make the 
multidilational change of variables: y\i ^ \y\i —■ Z\i and the asymptotic under 
study becomes an integral over the standard {nn — 1) -dimensional simplex: 



Jx 



IX 

(re-t-l)n-l 



ijn— i p 

n „ / z 2 iH hzm ^ Zl2 ' ' ' ^ Z l" ^ Z k1 ' ' ' dz Kn - 

K -> J + + 



n\ ( 

!ll + _ + ... + _)a 1+ ...+ ^— + _ + ... + _ 

where now the sign "=" means modulo O njK (m( K+1 ) n ~ 2 ) and where Zn = 1 
Zl2 — . . . — ZKn . Applying now Newton's multinomial formula: 

{z x + z 2 + ■ ■ ■ + z n ) n = V — — p (z,r (z 2 r ■ ■ ■ (z n y», 

we may expand the n-th power in the second line above, getting: 

(K+l)n-l ^_^ | 

x(x, o*) = Yl , , (ai) gi ---(a;) g "- 

<(«0 n gi+ .^ =n 9i!'--?n! 

^ 2lH hZlrj ^21 ' ' ' dz ln dz K i ■ ■ ■ dz Kn - 



+ Z K l-\ \-Z K „!^l 

-^ Z21 Z K \ \ I Z\ n Z2n , , Z Kn 

Zn + T + ... + -j ...(_ + _ + ... + _ 

The n! drops, a fact denoted with the symbol "_ ". Furthermore, in the inte- 
gral — call it \ qi ,,..,q n — which appears naturally in the last two lines, we yet 
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expand the gi-th, . . . , the g„-th powers: 

w..,g„ = E ■■■ E 



gi! g«! 



911 +921 H hg K i=9l 9ln+92nH h9fen 



gn!g 2 i! ■■• g K i! gi n !g2 n ! ••• ?««! 



(2)«2i . . . ( K )9»i (l)gm (2)92„ . . . ( K )g.„ 

' / «3i+— +zi„ dz2i---dzi n dz K \ ■ • ■ dz Kn - 

J + r - + 

+z*l+— +Z«„<1 

■ (5Tl) 911 (^2l) 921 • • ■ (^l) 9 " 1 (^1„) 91 " (*2„)** • • ■ *&»- 

Lemma. For any integer p ^ 2 an<i /or any nonnegative integer exponents 
ji,J2,---,j P e N, one has: 

Ji ! jgj ■■■ j P ! 

^ P (ji+i 2 + --- + ip+p-i)!' 



/[l — tio — • • • — uJ^ui 2 • ■ ■ ul p duo ■ ■ • dur, = — 



2 >o, ..., u„5j0 



Proof. By decomposing the integrations, we may write this integral as: 

ui 2 du 2 \ ufdu 3 / (l-u 2 Up^-Up) 31 u{]> du p =: ■i P juh . j ^... dp - 

o Vo Jo 

Taking j p + 1 times the primitive of the first factor in the last integral and inte- 
grating successively by parts, this integral in question receives the value: 



(1-U 2 Up-l-Mp) J 'l +J 'P + 1 ■ , 

(ji+i)-(ji+ip)(ii+j P +i) Jp - 



1— U 2 Mp-1 • , ■ , 1 





Thus, the case p = 2 is settled. If p ^ 3, inserting this value just computed: 

IP _ Ji! J P ! iP-1 _ Jil Jp! (Ji+3 P +l)'„J2!-jp-i! 

J jl,J2,-,jp-l,jp (jl+ip + 1)! J il+jp + lj2,---Jp-l (jl+Jp+l)l „ 0'l+Jp + l+i2 + -+jp-l+p-2)!' 

we get without effort the general conclusion by induction on p. □ 

So applying this elementary lemma, we may finish to compute our integral: 



'«,....*.= E ••• E 

9ll +921 H I~9k1=9i 9ln+92nH h9ftn 



<7l ! ?n! 



gu! 921 ! ■ • ■ <7«i! 9in! q 2n \ • ■ • q Kn } - 



(2)921 I . . . ( K )9»l (1)91. (2)92„ . . . ( K )9* 

9ll! 921 • • ■ <7ki! gin! g 2n ! • • • q K n ] - 



(gn + g2i H h g„i + + gi„ + g 2 „ H 1- g™ + ™- 1)! ' 

Remarkably, all the factorials q\i\ drop. Furthermore, the big factorial in the 
denominator visibly simplifies as 

(<?i H h <? n + «n - 1)! = (n + ku - 1)!, 

and we get a formula for l gi ,.„ )9 „ in which it will appear soon to be convenient 
to reconstitute a product of n independent big sums, and to this aim, we add in 
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advance the innocuous factor (1 A n : 



'9lv>9n 



gi! ••■ qJ- 



E 



E 



(gi + -- + g n + «n-l)! , ^ , *-? i. 1 ) 911 ■ • • («) tol (l)* 1 " 

giH 1-9*1=81 9inH hg Kn =i?n 



(«)«« 



3i ! ••• <7n! 



E 



((«+l)n-l)!V ^V (l)* 1 ••• (k)«-i 

vv ' y x 9nH 1-9*1=91 v ' 



E 



(1)<Z1„ . . . ( K )q K 
9m+"+9*r«=9n W K J 



Now, when we plug this formula in the computation of x(X, (f^Tj) that we 
interrupted before stating the lemma, all the factorials gj, . . . , q n \ appear once 
at a numerator place and once at a denominator place, so they drop all and we 
finally get: 

(K+l)n — 1 r 

E (air •••(a;)*- 

- 9lH h<3n=" 

1 



X (X, <°TJ) 



(K!) n ((K + l)n-l)! 

E 



9n H h9*i=9i 



(l)' 11 • • • (ft)'" 1 



E 



(l)9m ...(«)?«« 



+ 



We therefore have to deal with the asymptotic character, as k — > oo, of the poly- 
logarithmic sums of the type: 



9i H t-qn=q 

91^0, ■•■ , 9*^0 



(1)91- ■•(«)«»' 



where g G N is arbitrary. 
Lemma. As k — > oo, one /za^: 

sj(g) = fl^+o Tl ((iog«r i ). 

Proof. Easily re-doable, and in fact also known in the literature on polyloga- 
rithms (Ml □ 

From this last lemma, it follows at once that: 

m («+l)n-l 



X {X, S^T* X ) = 



((«+]> -!)!(«!)" 



E (*:) qi ---(a* n ) q " 

9l H h9n=« 

(log «)«! (log «)* 



,1 



+ O„((log.)-) 

(a * + ... + a:r (i2|^r +0n ((io gK r- 1 ) 



O n , K (m^ n - 2 ) 



~ («!)» ((«+l)n-l)! 

so the asymptotic formula exhibited in the theorem is established. To conclude 
the proof, one easily convinces oneself by inspecting the remainders that they 
indeed have the form claimed in (i) and (ii). □ 

Open problem. Applying the concepts and the combinatorics partly achieved 
in [|9l |H |47]|, find closed explicit formulas firstly for the remainder terms 
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O n ((log ft)"" 1 ) , secondly, for the remainder terms 0„ iK (W K+1 ) n ~ 2 ) . As an ac- 
cessible preliminary, study the £ q («) completely. 

§4. Exact Schur Bundle Decomposition 

Schur bundles and Pieri rule. Thanks to the filtration provided by the theorem 
on p. [10] and to the basic cohomology inequalities reproved in Section 2, the 
study of the Green-Griffiths jet bundle can in principle be led back to the study 
of multitensored symmetric powers: 

Sym €l T£ <g> SyV 2 T^ <g> • • • <g> SynAT£ 

of the cotangent bundle. But it is known since the works of Isai Schur at the turn 
to the 20 th century that these multitensored bundles can even be decomposed in 
more atomic independent bricks. 

Since the complex linear group GL n (C) acts naturally on T£ and on all of 
its tensor powers (T£) as well (r = 1, 2, 3, . . . ), then by fundamental facts of 
representation theory (Schur's theorems), it follows that the (in fact complicated) 
direct sum Gr'd^T^ provided by the theorem on p. [10] can in principle be 
represented as a certain direct sum of the so-called Schur bundles: 

in which £ 1 ^ £ 2 ^ ■ ■ • ^ £ n ^ 0; we employ the notation of 11361 and 
the reader is referred to the works of Briickmann J51 U\ 111 and to the mono- 
graphs OH gH [26] [22] [331 for background material, or alternatively to p. 1701 
below. In order to determine which y( e i>-M T£ appear in Gr'S'^T^, possibly 
with some multiplicity ^ 1, two options present themselves. 

The first option would be to apply step by step the so-called Pieri formula 
(JUL P- 455) to the direct sum representation: 

GrX^T! = yM..,o) T ^yM..,o) T ^ . . . ^(^,o,..,o) T ^ 

Pieri indeed provides a neat combinatorial rule for representing any tensor prod- 
uct of a Schur bundle with a symmetric power as a certain direct sum of well 
controlled Schur bundles over X: 

(9) Cfi{tl,---<tn)rp* (C> <^>(l,0,...,0)rri* __ \ "" G<K S 1 ,--;S„)rp* 

s 1 + ---+s n =t+t 1 + ---+t n 

However, when one tries to induct on such a formula, the complexity increases 
dramatically as soon the number k of tensor factors in Gr'S'^T^ passes above 
k = 5, even in dimension n = 2, and apparently, nothing really effective or 
exploitable for us exists in the literature. 
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Invariant theory approach. The second option, more direct and more suited 
to asymptotic approximations, consists in interpreting the problem directly in 
terms of classical invariant theory, starting with the original definition © on p. [6] 
of Green-Griffiths jets. Indeed, the general n x n complex unipotent matrix: 



/ 1 





• 


■ °\ 


U 2 1 


1 


• 


■ 


U31 


U32 


1 • 


■ 


\ U„i 


U„2 


Un3 ■ 


• l ) 



where the u^- G C are arbitrary complex numbers, acts naturally and linearly on 
all the jet variables in such a way that for any jet level A with 1 ^ A ^ k, one 
sets in matrix notation: 



9 



(A) 



u-/ 



(A) 



that is to say in greater length: 



(A) 

9i ■'- 

(A) 

9 2 ■-- 

(A) 

93 ■-- 



n 



(A) 



rW 



/r + U21 /i 



(A) 



r(A) 



(A) 



/r + u 32 /r + u3i/; 



tW 






-(A) 



fW 4. ,, , fW 4. 

in ^ U nin _i J n ^i T 



(A) 



■■ + u„ 1 / 1 (A) . 



A general fact from the classical representation theory of GL n (C) states that the 
so-called vectors of highest weight identify precisely to those that remain invari- 
ant by this unipotent action, namely to jet polynomials P(j K f) which satisfy the 
invariancy condition: 

P(j K g) = P(u-j K f) = P(ff), 

for every unipotent matrix u G U n (C). Furthermore and most importantly, there 
is a one-to-one correspondence between the vectors of highest weight and the 
Schur bundles appearing in the decomposition of Gr'S'^T^-, the rule being as 
follows. Precisely speaking, the vector space of unipotent-invariant polynomials 
(vectors of highest weight) is shown to decompose as a direct sum of (linearly 
independent) one-dimensional spaces generated by vectors Q = Q(j K f) that are 



eigenvalues for the action e ■ /, 



(A) ._ 



Oi f\ of all diagonal matrices of the form: 



e := 



/ ei • • • \ 
e 2 •■■ 

V • • • e n J 



22 



Joel Merker 



where e l7 e 2 , . . . , e n are arbitrary complex numbers, so that there are certain char- 
acteristic exponents 6{ with the property that: 

One shows that l^ ^ £ 2 ^ • • ■ ^ £ n ^ and that such an eigenvector Q (of 
highest weight) is precisely linked to the Schur bundle ^wA.-AOj^ which 
corresponds to an irreducible representation on a fiber over a point x E X. Of 
course, a specific Schur bundle j^i^-A)^ could well occur several times in 
the sought decomposition of Gr'd^TJ, hence have a certain multiplicity ^ 2, 
because some different linearly independent Q's could share the same character- 
istic exponents t^ In fact, this will indeed be the case below, and determining 
such multiplicities, at least asymptotically as k — > oo, will be crucial for us. 



Serendipity. The knowledge of the algebra of invariants of the full unipotent 
group U n (C) C GL n (C) dates back to the nineteenth century. As a matter of 
fact, the following four basic statements Theorems A, B, C and D below, which 
will precede a main starting theorem specially designed for our future purposes, 
are essentially known and they are established in various sources. 

Theorem A. ( P51 [221 |3T1 |34l ) The algebra of jet polynomials invariant under 
the above action of the full unipotent group U n (C) C GL n (C) is generated, as an 
algebra, by the collection of all the determinants (minors): 



/i 



(Ai 



=:A 



i • 



AM) AM) 
AM) AM) 



:A 



AM) .(Ai) 

J\ J2 

AM) AM) 

AM) f(An) 

J\ J2 



AM) 

in 

AM) 



AM) 

in 



Ai,A2 
1,2 ' 



=:A 



(Ai) ,(Ax) ,(Ai) 



fr f: 



/ 



(Aa) ,(A 2 ) ,(A 2 ) 



7i J; 



f 



(M) AM) AM) 



ir f: 



/ 



, a Ai,A2,A3 
■^1,2,3 ' 



Ai,A2,...,An 
1,2,. ..,71 



in which the jet orders 1 ^ Ai < A 2 < • • • < A n ^ k are all arbitrary a and 
these determinants are visibly invariant with respect to the U n (C) -action. 

However, although all the determinants in question happen to be linearly 
independent, one cannot just pretend that the whole unipotent-invariant algebra 
identifies with the plain polynomial algebra: 

tHiAM aAi,A 2 aAi,...,A„] 

^|_ 1 '^1,2 ) ■ • • ) a l,2,...,n J ) 



It is only necessary to consider strictly increasing integers A(, since for every i with 1 ^ i ^ 
i, and for every permutation a of {1, 2, . . . , i} one clearly has: 



^*l,2,...,i 



'M-(i) _ / iNsign(cr) a Ai,A 2 ,...,Ai 
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because several elementary nonlinear relations exist between all these determi- 
nants; for instance, there exist the basic quadratic Pliicker relations^ of first and 
of second type: 

= A^ 1 A* 2 / 3 + A^ 3 A* 1 / 2 + A^ 2 A* 3 2 ' Al 

n _ A Ai,A2 A A3,A4 . a Al,A4 A A2,A3 . a Al,A3 A A4,A2 
U — AA 12 ^l 5 2 "I" *-*■!, 2 *-*l,2 "+" *-*l,2 ^1,2 ' 

so that the binomial in the first line A^ 1 A x 2 3 , viewed in the plain polynomial 
algebra C [A^ 1 , A^' 2 ] , would possess two distinct representations: itself, and: 

A ^3 A^ijAa _ a A 2 a A3,Ai 
^1 ^1,2 ^1 ^1,2 • 

Fortunately, the ideal of all relations between these A-determinants is also com- 
pletely known and understood. However, presenting explicitly this ideal of all 
relations requires a bit of preparation and a few more indices. 

Ideal of relations between all A jet-determinants. We therefore consider the 
collection of all determinants A 12 2, 'f ' for every i E {1, . . . , n} and for every 
choice of % jet-line indices Ai, A 2 , . . . , \ E {1, . . . , k}. At first, we equip this 
collection with a partial order by declaring that: 

A Ai,A 2 ,...,Ai a )J,i,^2,—,lJ-j 

LX 1,2,...,% ^-one *-*l,2,... ,j 

if firstly: 

and if secondly all the following inequalities hold: 

(10) Ai < fii, A 2 < fi2, , Aj < Hi- 

Not all determinants are comparable for this order, e.g. A 12 and A 1 ' 2 are 
mcomparable, and similarly, A^ and A^'g are incomparable too. We will 
now see that there is a one-to-one correspondence between incomparable A- 
determinants and (generalized) Pliicker relations. 

Thus, let us pick any two general determinants A^ 1 ^' i and A^''''-^ that are 
incomparable and distinct. Permuting the pair if necessary, we may assume that 
i ^ j. Furthermore, if % = j, we may also assume without loss of generality that 
(Ai, . . . , Aj) is smaller than (hi, . . ■ , Hi=j) m tne lexicographic ordering, namely 
there exists an index s E {1, . . . ,i = j} such that: 

Ai = Hii j ^s-i = Hs-i-, A s < Hs- 

Therefore in both cases i > j and % = j, we at least insure by these preliminary 
choices that: 

AAi,...,Aj v Afii'"!W 

!,...,» rone ^l,...,j ■ 



— the knowledge of which surely goes back to the seventeenth century theory, at a time 
when elimination was the main tool in the search for solving algebraic equations of degrees 2, 3, 
4 and 5. 
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Since by assumption, these two determinants are incomparable, the reverse in- 
equality must also fail: 

a Ai,...,Aj j. ACii-ift 

'-*l,...,i 7-one L -*l,...,j i 

and hence in the two cases i > j and i — j, there must exist a smallest index 
t & {1, . . . , j} such that: 

Ai ^ /ii, , \-i ^ A^t-i) A 4 > P'ti 

because if otherwise all the inequalities (flOl) would hold, one would have 
A-^'"^' i <one A^ 1 ' -'^ . In the case i = j, it is clear that t can only be ^ s + 1. 

Remind that in any circumstance, the jet-line indices of the determinants are 
strictly increasing: 

Ai < • ■ • < A 4 < • ■ • < A, and /ii < • • ■ < fi t < ■ • • < fij. 

Diagrammatically, we may then represent a set of inequalities with a pivotal 
solder, at the index t, between the \x^ and the Aj: 

/ii < • • • < fi t < X t < ■■■ < X t , 

solder 

by exhibiting, in two adjusted lines, the vertical spot where the join takes place: 
/"i < A*2 < • • • < IM < Ht+i < Ht+2 < ■■■ < Hj _ 1V 

hi A 

Ai < ■ ■ ■ < X t -i F|X < A t < At+i < • • • < A.,_i <Xj <■■■ <Xi. 

Letting now ir e &i+i be any permutation of the set {1, 2, . . . , i, i + 1} with i + 1 
elements, we shall let it act on the i + 1 elements that are not underlined, so that 
7r transforms the i + 1 integers: 

pi < fj,2 < ■ ■ - < (J,t < 

< At < At+i < • • ■ < Aj_i < Aj < ■ • • < A, 

to the 2 + 1 permuted integers (not anymore necessarily ordered increasingly): 

(vr(/ii), 7r(/i 2 ), ■•• , vr(/it), 

7r(At), 7r(A t+ i), . . . , ^(A^-i), 7r(Aj), . . . , vr(A,)). 

Since our A-determinants are skew- symmetric with respect to any permutation 
of their lines, it is convenient to restrict attention only to those permutations that 
respect strict ordering in the two blocks: 

7r(/ii) < vr(/i 2 ) < ■ ■ • < n(fi t ) 

and: vr(At) < 7r(A m ) < ■ ■ ■ < 7r(Aj_i) < n(Xj) <■■■ < 7r(Aj). 

At last, we are in a position to write down the most general quadratic Pliicker 
relations that are fundamental for the subject. 

Theorem B. (@51|22l|3ll[34]|) For any two determinants A^'-f' and A^f 3 
with i ^ j that are incomparable with respect to the partial ordering "< one ", 
namely which have the concrete properties that: 
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• when i > j, there exists an index t G {1, . . . ,j} such that: 

Ai ^ /ii, , A t _i ^ /i t _i, but: \ t > IH\ 

• when i = j, there exist two indices s G {1, . . . , j} and t G {1, . . . , j} 
with t ^ s + 1 such that: 

Ai = fii, • • • , A s _i = /i s _i, A s < fi s , 

Xs+i^Hs+i, ..., A t _i < Ht-i, but again: \ t > Hu 

the following general quadratic (Pliicker) relation holds identically in the ground 

ringC{f il J» 2 ,...,fl: ) ]: 



EV 1 c\ttn(-n-\ A A iv,At_i,7r(At),7r(A f+ i),...,7r(A : ,_i),7r(Aj),...,7r(Ai) 

/ y ^b'H'U ' *-»i,...,t-i,t,t+l,...,j-i,j ) ...,j 



7TG6 i + l 7r(A t )<— •Or(Aj) 
"■(/*l)< — <"■(«) 



a i"(Mi).'r(M2)v,'r(A t t)>Mt+i.A t t+2v,A'i 
' ZA l,2,...,t,i+l,t+2,...,j 



We will not reproduce the proof here, but extract instead from the cited 
references the further important information that the ideal of relations between 
all our A jet-determinants: 

AM) . . . ,(Ai) 



a Ai,...,Ai 



<M) . . . fM 



fp> ■■■ n 

(i = 1 ••• n ; 1 < Ai < ••• < A; < k) 

is generated (as an ideal) by all the above quadratic Pliicker relations. Moreover, 
these relations written explicitly above do constitute a Grobner basis for a certain 
term order, presented as follows. 

Introduce first as many independent variables V A i' '"' A * as there are A jet- 
determinants and consider the ring C[V Al , . . . , V A i v " ,A ™] . Totally order these 
variables by declaring that: 

V A -- A > < two v^--^ 

if either i > j or else if i = j and (X\, . . . , A-) comes before (/jl[, . . . , fMj=i) 
in the lexicographic ordering, which simply means that there exists an index 
s G {1, . . . , j} such that: 

All \ % 7 \ % 1 

1-/^1) ) A s-1 — /^s-l) *s < /V 

This total order extend the partial order "< one ". Finally, let also "<two" 
denote the reverse lexicographic^ term ordering on C[V Al , . . . , V A ™'' " ,A ™] 
that is induced by this variable ordering < two . The set of polynomials 



Generally, if x\ <two • • ■ <two< x n , the reverse lexicographic (total) ordering induced 
on monomials says that x" 1 ■ ■ ■ x" n is smaller than Xi ■ ■ ■ x^ n if, when reading exponents from 
right to left, equality holds: a„ = j3 n , . . . , a u +i = j3 u +i until a first difference occurs: a u ^ f3 u 
for which a u > j3 u is bigger than f3 u . 
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R(V Al , . . . , V A "''"' A ™) which annihilate identically after replacement by the 
determinants: 

= R(Ajv..,A}^») 

constitutes clearly an ideal of C [V Al , . . . , V A "-' A "1 . 

Theorem C. ([g51|22l[3ll|34l) The ideal of relations Id-rel(A) between all /^jet- 
determinants is generated by all the PlUcker relations written above. Moreover, 
the collection of all these PlUcker relations constitutes already per se a Grobner 
basis for Id-rel(A) under the term ordering "<t wo ". Finally, the products: 

a Ai,...,Aj aW 



■J 



of all possible incomparable pairs generate the (monomial) ideal of leading 
monomials of elements o/"ld-rel(A). 

Polynomials modulo relations. Thanks to this statement, we will be able to 
find a basis of the C-vector space: 

all A-polynomials / modulo their relations. 

This will be very useful, for we saw that basis vectors are in one-to-one cor- 
respondence with Schur bundles yi^r-Mj 1 *. ( see a i so below). The general 
Grobner basis theory then tells us that this vector space is generated by all A- 
monomials that are not multiple of any product of incomparable pairs (leading 
monomials). In order to describe explicitly this quotient vector space, we need a 
classical combinatorial object. 

Young diagrams. Let d\ ^ 1 be an integer and let £\, £2, ■ ■ ■ , £d x be any collec- 
tion of d\ nonnegative integers collected in decreasing order: 



>^> 



>U >\. 



The Young diagram YD(^ 1 . ,^ d ) associated to such a <ii-tuple (£1, . . . ,£ dl ) sits 
in the right-bottom quadrant {x ^ 0, y ^ 0} of the plane IR 2 = M?(x,y) and 
it consists, in the z-th horizontal strip {— i ^ y ^ — i + 1} from above, for 
% = 1, . . . , d\, of the £i empty unit squares: 



placed, for j = 1 , 
(left-justification) 



{(x,y)eR 2 : -i^y^-i + lj-l^x^j} 

. . . , £i, one after the other and starting from the vertical y-axis 



1 










2 











B 



n* 



M 


>i 








xl 











B? 



» 



rfbn 



n 



YD 



Vi,...,t dl ) 



^EPT 



YD 



Hi, 



id-,_) 



(K 
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It will be convenient to give names to the column lengths, say dj will denote that 
of the j'-th, for j = 1, . . . , £ x . In summary and for memory: 



£i = length of the i-th row; 



dj = length of the j-th column. 



Observe that the longest column lengths are equal to d\ for all indices j between 
1 and £ dl , and more generally at any z-th row (see the zoom below), that the 
following coincidence of column lengths holds: 



d 



1+^4 



df 



(1^ is:di). 
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Semi-standard Young tableaux. If Af ^ 1 denote as many nonnegative integers 
as there are empty squares \3{, namely with i = 1, . . . , d\ and j = 1, . . . , t if a 
filling YD(£ lr ..^ d )(A]) of the Young diagram YD(^ 1: ...^ d ) by means of the \{ 
consists in putting each A^ in each square D^. A semi- standard (Young) tableau 
is a filled Young diagram YD^...^ ){\\) having the property that when reading 
its full content: 



A 2 



\) 



A^-i 



a' 2 - 



aJ" 



A di-l 

M 

A d 1 > 



Ar- 1 At 

^2 A 2 

A^ 1 Af 



A dl-1 



A? 



a; 



h 
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the integers A^ increase from top to bottom in each column, and they are nonde- 
creasingjin each row from left to right, that is to say and more precisely: 



A{<A^<...<A^ 
Al < A? < • • • < Af 



(l^i^di). 



Vector space basis for the algebra of A jet-determinants. Coming back to 
our algebra of determinants A^' 2, 'f \ the increasing sequence of their ex- 
ponents Ai < A 2 < • ■ • < Aj will sit in a column of such a Young dia- 
gram. Since the row-size i of any not identically zero minor A 1 1 2 ' 2 '' i '' l must be 
=Sj n = rank (T£), we will consider in fact only semi-standard tableaux whose 
depth d\ is always ^ n. Accordingly, when it happens that d\ < n we shall 
adopt the natural convention that: 

£l>t2>-~> ldy-1 >l dl >0 = £ dl+1 = - ■ - = £ n . 

We are at last in a position to state the starting point theorem. 

Theorem D. dl45ll22ll3Tll34l0 The infinite-dimensional quotient vector space: 

all A-polynomials / modulo their relations 

possesses a basis over C consisting of all possible A-monomials: 

U4:t'' n <::&'■■■ n ^ 

such that the collection of appearing upper exponents (Af) constitutes a semi- 
standard Young tableau: 

weakly increasing 



strictly 
increasing 



Aj 


A? 




\} 2 







mm 



B ......... .......... . | ^ ^ 
♦ ♦ ♦ * >jji 2 " 
********* \ 

♦ ♦ ♦ ♦ \h\ ♦ _* FTT & f 



♦ ♦ ♦ 

♦ ♦ ♦ 




di 



n 



di-l 



*VZ\l dl 



A so-called standard tableau would require that the integers A^ also increase along the rows. 
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Exact Schur bundle decomposition of Gr*<£^T£. In order to apply this com- 
binatorial information to our problem, we may also represent the general A- 
monomial written above more concisely as: 



(id 



n n A tf- 



First of all, every A-determinant read off from such a product happens to be an 
eigenvector for the action on jets of the diagonal matrices e = diag(ei, . . . , e n ) : 



p . A A l' A 2.-' A i 

e L *l,2,...,i 



e 1 e 2 ---e i A 1 \ 



XA,...M 



2,...,i 



as is clear because the diagonal action just multiplies columns of such a determi- 
nant by the quantities e i7 e 2 , . . . , e^: 



a Aj,A^,...,A^ 
e '-*l,2,...,i 



ei/i e 2 / 2 

eiA (AJa) e 2 /f 2) 

e^ } e 2 /^ 



ei/, 



(A J 2 ) 



e*/, 



W) 



Consequently, every general monomial in the A-determinants represented by the 
above arbitrary semi-standard tableau is also an eigenvector: 



«•( n n *. 



Aj,...,Ai 



e ■ (general A-monomial) 



d • ■ ■ &i ■ (same A-monomial) 
(ei • • • ej) ' l+1 ■ (same A-monomial) 



<2i>i>l 



= (ei) i ' 1 (e 2 ) £2 • ■ ■ (e n Y n ■ (same A-monomial). 
As a result, we deduce generally that: 



Single semi-standard A-monomial < — > Unique Schur bundle 



and more precisely, to the general monomial associated with a semi-standard 
tableau YD(£ li ... iAn )(A|) corresponds bijectively the Schur bundle yi^^'-MT^. 
Thus notably, the related Schur bundle depends only on the diagram, and it does 
not depend on its filling by integers \\. 

Although essentially not new since it follows from Theorem A, B, C and D 
above, the following basic statement appears nowhere as such in the literature 
devoted the application of the jet bundle machinery to the conjectures of Green- 
Griffiths and of Kobayashi, but it will nonetheless constitute our basic starting 
point. 
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Theorem. The graded vector bundle Gr'S'^T^- associated to the bundle 
$KmTx of K-th m-weighted Green-Griffiths jets identifies to the following ex- 
act direct sum ofSchur bundles: 






with multiplicities M^ 2 ^6N equal to the number of times a Young diagram 
y^(ii,...,in) with row lengths equal to £±, £2, ■ ■ ■ ,£ n can be filled in with positive 
integers X\ ^ k placed at its i-th line and j-th column so as to constitute a semi- 
standard tableau, with the further constraint that the sum of all such integers: 

m = X\ + • • • + X[ n + • • • + X[ 2 + • • • + Xl 1 

+ X l 2 + --- + X 2 n + --- + X e 2 2 

+ + 

+ X n + • • ■ + X n " 

equals the prescribed weighted homogeneity degree m. 

This apparently complete statement should not hide the fact that the exact 
computation of the multiplicities M^™ 2 ln is not provided in terms of k, m and 
£1, £2, ■ ■ ■ , £ n - Manual attempts to find a usable, closed and explicit formula for 
M£™ g showed us that the task could be hard, and we will proceed differently, 
in an asymptotic manner, so as to avoid several unnecessary computations which 
would anyway be inaccessible to us. 

Corollary. One has the following inequalities between the cohomology dimen- 
sions h q for all q = 1,2, ... , n: 

h* (X, *J£l* ) < Y, h? ( X ' W 1 ?* ® Syrn^T^ ® • • • ® Sym^Tj) 

Proof. The first one was already derived on p.QT] Then the decomposition into 
Schur bundles of each tensored factor Sym^TJ ® • • • <g) Syn/ K Tj*- obtained e.g. 
by an application of Pieri's rule © on p.[20]enables one to define a subfiltration 
to which the same reasoning as on p. [TT] applies. □ 

Thus, as in Rousseau's papers |[351[36]| for n = 3 and k = 3 and as in ||29l 
for n = 4 and k = 4, the study of the cohomology of the Green-Griffiths bundle 
S^m^x ^ s ^ back to the study of the cohomology of Schur bundles, which 
might in turn be complicated. 
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§5. Asymptotic characteristic 
and asymptotic cohomology 

Giambelli determinants of Chern classes. From the lemma on p. [13] and from 
the theorem on p. [30l we deduce at once from the additivity of Euler-Poincare 
characteristic that: 

x(x, O*) = E m 5!,.a • x(x, y^-^T x ). 

But there is a closed asymptotic general formula for: 

X (X, y^-^) T * x ) = (-l) n x (X, S*&>"MT X ), 

where the (— l) n comes from c* k = (— l) fe c fc . Recall that a parti- 
tion (i/i, V2, . . . , Vn) of n is just a collection of nonnegative integers 
^i ^ ^2 ^ • • ■ ^ v n ^ whose sum v\ + V2 + • • • + v n equals n. 

Theorem. ( IJ29Q The terms of highest order with respect to \t\ = £± H h £ n 

in the Euler-Poincare characteristic of the Schur bundle y(^>^'-M j^ are z^. 
mogeneous of order 2 + - an J ?/zey are gz'ven fry a ^wm of determinants indexed 
by all the partitions (z/ l5 . . . , t>„) o/n: 



£ 



c, 



i/ partition of n 



{Vl +71-1)! ••• V n \ 



nl vi+n—1 

nl V2+TI-2 



f[' 



-2 

nl v 2 +n-2 

-2 



Ql Vn 

l 2 



pi vi+n— 1 

«/ U2+U — 2 



nl v n 

"XI 



+ 



- n(n 4-1) -,. 

+ o n (Ki^ J - 1 ), 



where 



= £i + n — i for notational brevity, with coefficients C u c being expressed 
in terms of the Chern classes Ck = c& {Tx) ofTx by means of Giambelli 's deter- 
minantal expression depending upon the conjugate partition v c : 



C„ 



-K,-^) 



-n+l 



C vt+1 

' 2 

'-i/g-n+2 



C v{+2 



-n+3 



Cj/J+n-1 



with the understanding, by convention, that C& : = for k < or k > n, and that 
1. Furthermore, the remainder O n (|t| a J is a linear combination of 



Co 



homogeneous terms c[ x c T 2 2 ■ ■ ■ c^ n with T\ - 

by some polynomial of degree ^ n 2 - 

rational and bounded in absolute value by Constant^. 



2r 2 + ■ • • H 
- 1 in the 



nr n = n each multiplied 
9 i whose coefficients are 



After l29l was posted on arxiv.org, the author was informed by E. Rousseau that 
Briickmann's Theorem 4 in J6) entails the above statement and moreover, that it shows how 
to explicit the remainders. 
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Because it is elementarily checked that modulo T 



n(n+l) 



2 x ), one has: 



v\-\-n—\ gi i/i+n-1 

-1 l 2 

/,/ V2+n— 2 «/ s/2+n— 2 



fl/ ^n 



K 2 



nl vi+n~l 
n 
nl U2+n-2 






ij v\+n— 1 p vi+n— 1 
r? i/2+"-2 » i/2+n-2 



fi+n— 1 
i 

i/2 +n— 2 

i 



we may equivalently replace the ^-determinants by the corresponding i{- 
determinants in the formula of the theorem. Then for coherence between 
the above theorem and the computation of the Euler-Poincare characteristic of 
<Sf?^Tx conducted independently in Section 3, it should be true that the sum of 
remainders attached to Schur bundles corresponds to the last remainder of the 
theorem on p.[ 



£ 



M K ' m 
m h,e 2 ,...,e n 



O r 



?i(n + l) 



1 )=On,.( 



m 



(k+1)u-2 



) 



^1^2>-^n>0 



This fact will be established later by the proposition on p.lFTIbelow. Also, us- 
ing ([8]) on p. [Q], one should consider that all homogeneous products of Chern 
classes cp ■ • • c^ n are implicitly reexpressed in terms of n and d, whence both 

remainders are in fact of the form O n! d(|^| 2 x ) and n ^ K (m( K+1 ) n ~ 2 ). 



Dimensions 2, 3 and 4. In greater length, let us for instance write down the 
expanded sums over partitions, firstly in dimension n = 2, with two partitions 

2 = 2 + = 1 + 1: 



X 



(x, y^^T* x ) 



Co 



0!3! 



if t\ 
1 1 



c 2 
1!2! 



+ 0(|£| 2 ): 



next in dimension n = 3, with three partitions 3 = 3+0+0 = 2+1+0 = 1 + 1 + 1: 



c± — 2 C1C2 + C3 



0! 1! 5! 



/>5 p5 p5 
l l l 2 l 3 



+ 



C 3 

1! 2! 3! 



p3 pZ pZ 

Ci io \.r> 

n2 n2 n2 

l l l 2 l 3 

il h h 



0( 



c l c 2 — C3 

0! 2! 4! 



"*)■ 
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and finally in dimension n = 4, with 5 partitions 4 = 4+0+0+0 = 3+1+0+0 
2 + 2 + + = 2 + 1 + 1 + = 1 + 1 + 1 + 1: 



x ( I) y(« 1 A,4A) r ^ = 



cf - 3 c?C2 + el + 2 cic 3 - c 4 






0! 1! 2! 7! 



C1C3 + c 4 



"l "2 *3 *-4 
/>2 «2 «2 

Cl -Co "t-Q 

/l /l fl pi 
z l c 2 *3 *4 

1111 



0! 1! 3! 6! 



p6 *6 *6 

1 2 3 

/>3 *3 *3 

L l l 2 *3 

4 ^2 ^3 

1 1 1 



C1C3 — C4 

0! 2! 3! 5! 



1 



1 



'3 

<3 
'3 



n 



n 
1 



C-l 



1! 2! 3! 4! 



3 



-C1C3 



0! 1! 4! 5! 



1 



h 
1 



3 



f 4 
S3 



3 

/>3 p3 p3 p3 

Ci -Co *"3 ^4 

/>2 *2 «2 pi 

Ci -Co ^3 ^4 

*i 4 ^3 4 



f-1 
4 

1 



o( 



n 

u 

1 



Cohomology of Schur bundles. One could be led to presume that the coho- 
mology dimensions: 



h q = dimH q (X, y(W*>-MT* x ) 



(9 = 0, 1-n) 



of any Schur bundle over X might be expressed similarly by means of a general 
formula of the kind: 



/?" 



E 



-1 "-2 



E 



ti + 2 r 2 H hnr T1 — n 



ol\-\-q>2-\ haTi^- 



involving the Chern classes c^, the li and certain rational coefficients 
^ri^.',r n i™«i,...,a n e Q» or alternatively, after making the substitution ® on p.fl4l 
as follows: 



n+l 



h q 



E d " E E 



/,<?; fe, -A. 

"fc; qi,..,q, 



(^) ai (4r 2 ---(^) c 



fe=i 



However, it turns out to be already known that purely algebraic formulas are 
certainly impossible, only semi-algebraic formulas can be hoped for. Indeed, 
Briickmann computed in [5] the exact cohomology dimensions: 

dimH q (X, k r T x ®@ x (t)) 

for any q = 0, 1, . . . , n, any r — 0, 1, . . . , n and any t G Z, where A r T x identifies 
with yi 1 '-' 1 ' '-' ) T x (r times 1), and it turns out that the obtained formulas are 
only piecewise polynomial with respect to the data (n, d, q, r, t). In fact, making 
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the convention that A°T X = G x (0), it is at first well known that: 

dimi/ o (x,^(t)) = cr + t l )-r:: 1 r d ) 5 

dim F 9 (X, x (t)) = for all g with 1 < g < n - 1, 

dimiT^X, x (t)) = { d - n ' 2 n -l +n+1 ) ~ (d-^-t+n+i-dy 
Using then A n T x = K x = &x{d - n - 2), one deduces: 

dim#°(X, A"T^ ® ^ x (t)) = ( d ~ n "'+ 4 1 + " +1 ) - (^ n_2 ++t n+1_<i )' 
dim # 9 (X, A"T^ ® ^(*)) = for all q with 1 ^ g < n - 1, 

dimtf"(X, A n T x ® x {t)) = (-*+; i +1 ) - (- t+ n n +i 1_d )- 

On the other hand, for 1 ^ r ^ n — 1, Briickmann (|[5l) obtained complete 
dimension formulas: 

dim if (X, AT* ® <?*(*)) = (V) C:^7)» 

dim if 9 (X, A r T x ® 0x(t)) = ^, r • <5 4>0 for all g with 1 < g < n - 1 and g + r ^ n, 

n+2 

dim #"-'(*, A r T x ® ^ x (t)) = £ (-1)" ("+ 2 ) (-*-r«HM-i)(d-i)) + 5n2r . . St>0} 

fi=0 

dim^(x, A r r x ® ff x ( t )) = ui^r::^)- 

Clearly, these formulas are only semi-algebraic. One does not find in the litera- 
ture complete formulas for cohomology dimensions of Schur bundles having at 
least three distinct row lengths. 

Majorating the cohomology. Rousseau's strategy developed in |[36l and in ifTTl 
for dimensions 3 and 4 consists in avoiding exact, probably unfeasible cohomol- 
ogy computations and in substituting for that cohomology inequalities. 

Let as before X be a geometrically smooth projective algebraic complex 
hypersurface in P n+1 (C). Let Fl(T x ) denote the (complete) flag manifold of T x 
which organizes as a holomorphic vector bundle tx : Fl(T x ) — > X of rank "("+ 1 ) 
over X, the fiber of which above an arbitrary point x G X consists of complete 
flags: 

= E 0jX C Ei >x C ■ ■ ■ C E n , x = T XjX , 

where dimE i:X = i. Let as before £ = (£i, £ 2 , ■ ■ ■ , £ n ) with £ x ^ £ 2 ^ ■ ■ • ^ 
£ n ^ 0. According to Bott (0), there is a canonical line bundle ^ £ (T X ) over 
Fl(T x ) with the property that the Schur bundle y^<-MT x -> X coincides 
with the direct image 7r*(^ £ ) — >■ X and whose fiber above an arbitrary flag 

E x e Fl(T x ) is ®" =1 (det(E xA /E xA ^ 1 )) m . The fundamental theorem of Bott 
states that the two bundles yi^>-MT x and & l (T x ) have the same cohomology, 
and it is therefore somewhat more convenient to deal with 3§ E (T X ), because line 
bundles are better understood and more studied. 
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In fact, a certain control of the cohomology by means of inequalities is avail- 
able thanks to the so-called Holomorphic Morse inequalities due to Demailly 
which state as follows in a general version (021) suitable for applications de- 
vised by Trapani dl46lD . Let $ — > X be a completely arbitrary holomorphic 
vector bundle of rank r ^ 1 over a compact Kahler manifold of dimension n, 
and let Jzf —¥ X be a holomorphic line bundle subjected to the specific restriction 
that it can be written as the difference: Jzf = & <g> ( S^ 1 between two line bundles 
that are ample, or more generally, numerically effective. Then about Jzf k <g> $ as 
k — > oo, we have the following two collections of asymptotic inequalities, firstly 
for plain cohomology dimensions, secondly for their alternating sums: 

• Weak Morse inequalities: For any q = 0,l,...,n, one has: 

h q (X, ^ k ®<§) ^rk n - 1 —— [ c 1 (&) n - q ■ Cl (&) q + o(k n ) 

(n-q)\ q\ J x 

(q = 0, 1-n). 

• Strong Morse inequalities: For any q = 0, 1, . . . , n, one has: 

(n 






+ o{k n ). 



An algebraic proof of these inequalities (without <§ and for X projective) by 
plain induction on dimension but not using any tools from Analysis was given 
by Angelini in (TJ. We then borrow this scheme of proof, as it was applied by 
Rousseau ( ll36l ) within the Schur bundle context. Weak type inequalities will 
suffice for us, and the goal is somehow to represent 3§ £ {T X ) as a difference 
between two line bundles that will be positive, hence ample. 

To begin with, since T x ® ^x(2) is generated by its global sections, it is 
semi-positive. According to a general property ( IfTOl ), if a holomorphic vector 
bundle $ — > X is semi-positive, i.e. if E ^ 0, then the corresponding line bundle 
&{&) is also semi-positive, i.e. &{g) > 0. Applying this to S := T x ®@ x {2), 
we get, thanks to a natural isomorphism, that: 

(12) @\T X <g> @ x {2)) ~ @\T X ) ® n*@ x {2\£\) > 

is semi-positive, where \£ \ — l\ -\ — ■ + £ n . Tensoring then by 7r*<ff x (\£\) > 0, it 
thus trivially follows that: 

£g e (T x )®7r*ff x {3\£\) >0 

is positive. Hence we can write (somehow artificially) 3§ 1 {T X ), which we will 
now write SS g for short, as the following difference: 

#«= \&®T?e x $\i\h ® [^e x {^\£\)Y x 

between two positive line bundles over Fl{T x ), with plainly: 

J?:=^®7r*^ x (3|£|) and Sf := vr*^ x (3|£|), 
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in the above notations for Morse inequalities. 

Following Angelini and Rousseau, we need even more in order to force the 
positive cohomologies H g (^Fl(T^), &\, q = 1, ... ,n, to be vanishing. We 
remind the Kodaira vanishing theorem which stipulates that, on a projective al- 
gebraic complex manifold Z, for every ample line bundle srf — > X one has: 

= H q (Z, ^®K Z ), 

for all q = 1, . . . , n. So on the flag manifold Z := Fl(T^), we not only need that 
J£" be positive (hence ample), but we need also, after decomposing in advance: 

& = {& ® (Kfht*))' 1 ) ® Kfi{t*), 

that s/ :— & <g) (Kfkt*^)" 1 be positive (hence ample). 

For this, we recall at first the known isomorphisms (|[3l[T0ll): 

K Fm) ~ [^n-l,...,3,l]-l g ^(/^(n+D 

~ [^ 2n - 1 '-' 3 ' 1 ]" 1 ®7rV x ((w + l)(d-n-2)), 
from which we hence deduce: 

J? <g> (^(T.))" 1 ~ ^ ® ^f2n-i.-.3.i g, 7T*^ X (3|£| - (n + l)(d - n - 2)) 

~ ^i+2™-i,..A-i+3A+i g, vr*^ x (3|£| - ( n + i)(d_ n - 2)). 
But similarly as in ( fl2l a short while ago, we know that the bundle: 

^ 1+2 n-i,...A-i+3A+i g, ^^(2^ + 2n - 1 + ■ ■ ■ + 4-i + 3 + 4 + 1]) 

is semi-positive, whence it is surely positive after it is tensored only by 7T*^x-(l). 

Consequently, observing 2n — H h 3 + 1 =n 2 , our bundle & ® {Kpi{T* )) _1 

will be positive when: 

Z\t\ - (n + l)(d - n - 2) ^ 1 + 2(|£| + n 2 ), 

that is to say when: 

14 > 1 + 2n 2 + (n + l)(d - n - 2), 

or with less effective information, when |£| ^ Constant n d . Under this restric- 
tion concerning \£\ which insures the applicability of Kodaira's vanishing theo- 
rem, Rousseau's scheme of proof works in arbitrary dimension n (cf. [|39ll and 
also [17] for the case n = 4), and it yields the following majorations: 
h q( Xj jriiu-MT*) ^ x (x, y (ei --' ^T x ®ff x {2,{q + l)\i\))- 



+ (- 1 ) 9 " 1 ( q -i) x(x, .y^--^T x ® # x (6\e\))+ 
+ (-l)' (D x (x, ^-m Tx ® ^(3K|)), 

in terms of alternating sums of Euler-Poincare characteristics. Applying 
Briickmann's formula for the explicit computation of the appearing Euler- 
Poincare characteristics (Theorem 4 in H), we then get the following result. 
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Theorem. Let X = X n C P n+1 (C) be a geometrically smooth projective alge- 
braic complex hypersurface of general type, i.e. of degree d ^ n + 3, and let 
£={l x ,..., 4-i, 4) with k>-> 4-i ^ 4 > 0. If: 



\£\=£i-\ h 4_i + 4 > Constant 



n, d; 



then for every q = 1,2, ... ,n, the dimensions of the positive cohomology groups 
of the Schur bundle y( i i'---, i «-iM'p*_ over x satisfy a general majoration of the 
form: 

h*(X, y(^.-A-iA) T ^ ^ Constant,^ ]J (4 - £,-) [ ^ ^ • • ■ C"_~i€ n ] + 



+Constant„ 



Pl+"+Pn-l+Pn=n 

E 

aiH ha n ?^; — '— 1 



■-1 <-n 



vvzY/z leading terms being homogeneous of degree n ^ - with respect to the li 
and divisible by all the differences {li — If), where 1 ^ i < j ^ n. 

For the estimates that we will conduct in the next sections, we need none of 
the three Constant^ above to be effective. Admitting this, raising if necessary 
the two Constants„ :d appearing in the right-hand side, it follows that the majo- 
ration is in fact valid for every £, since the restriction that \l\ be large enough 
can obviously be absorbed by the Constants^. Also, one must observe that 
the Euler-Poincare characteristic provided by the theorem on p. [3T] satisfies the 
same kind of majoration, hence all cohomology dimensions h°, h 1 , . . . , h n do 
the same. However, we want to underline that, even with an effective control on 
Constant^ similar as in ll36l[T7l for n = 3 and n = 4, the above kind of majo- 
ration cannot at all conduct to the optimal degree bound d ^ n + 3 of the Main 
Theorem, because we will see that the presence of the monomial £" in Y^b ^ 
forces to lose a nonzero portion of the (log K) n entering in the Euler-Poincare 
characteristic when summing Y M^' m 5?^ over Schur bundles. 

§6. Emergence of basic numerical sums 

Expanding and rewriting. At least, the explicit formula for the Euler charac- 
teristic and the cohomology bounds for Schur bundles firmly motivates to con- 
sider basic numerical sums of the form: 

E « 4«-c> 

for any n-tuple of nonnegative integers a = (an, a 2 , . . . , a n ) G N n of length ^ 
n ( n + 1 > — l if remainders are to be taken into consideration, or else of length |a| = 

«i + - • -+a n constant equal to n ^ , if major terms are to be studied. After some 
reflections based on manuscript explorations and on intense thought, it appears 
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a posteriori convenient, if not adequate, to express all quantities in terms of the 
successive differences between horizontal lengths in the Young diagram: 

lx-1%, 4-4, , 4-i-4, 4, 

that is to say, in terms of the horizontal lengths of the appearing successive blocks 
of constant depths. Thus accordingly, we may rewrite any appearing monomial 
£Qi . . . £a„ ky mser ting differences as follows: 

iTtf ■ ■ ■ Ci'C = (4 - 4 + 4 - 4 + ■ ■ ■ + 4-i - 4 + 4) ai ■ 



a 2 



•(4-4 + --- + 4-1-4 + 4) 

' \yn— 1 ^n * ^n) 

•(4)°", 

and then we may simply expand all the appearing powers to obtain a certain sum, 
with integer integer coefficients, of interesting monomials of the specific form: 

(4 - ^r' 1 (h - k) a ' 2 (4-1 - lt'- 1 {ltk 

the total degree in the t- t being evidently preserved: 

a[ + a' 2 + ■ ■ ■ + ol n _ x + a' n = ai + a 2 + V a n . 

Only multinomial coefficients being involved in the expansion, we have a simple 

inequality of the form: 

(13) 

*■ $ Constant*- J2 (h-h)*' 1 • • ■ (4-1-4)""- 1 (4)' 



QCL\ pOln-1 pa r , 

-1 c n— 1 c n 



Basic numerical sums. As a consequence, in order to verify that the contribu- 
tion in J2 M T m ■ 4 of any monomial 4 1 ■ ■ ■ C^O of total degree: 

11 1 ^ n(ra+l) -1 

ol\-\ h a n _i + a n < v 2 - - 1 



n(n+l) 



which possibly appears in a general remainder of the form O nj d(J-t| 2 J still 
falls into the corresponding m-remainder n)K (m^ +1 ^™~ 2 ) , we are led back to 
studying the asymptotic behavior, asm — > 00, of basic numerical sums of the 
general form: 

£ *C. tlt • (ft - ft)"' 1 (ft- - ft.)""" (ft)" ; . 

with again a[-\ h a4_i + a' n ^ n( " 2 +1) — 1, and now, everything has become 

purely combinatorial, that is to say, complex geometry concepts have entirely 
disappeared. 

On the other hand, after expanding any rL<-,(^ — @j) $ w i m \fi\ — n ap- 
pearing both as principal terms in the Euler-Poincare characteristic of S^^T^ 
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and in the cohomology majorations provided by the theorem on p. (37J and after 
performing the rewriting in terms of t\ — £ 2 , ..., i n -i — 4> 4 a s above, we are 
led back to estimating the same kind of basic numerical sums, but this time with 

/ i i / i / n(n+l) 

«! + ••■ + a„_i + a n = -V^- 

Since we will not attempt to compute, even asymptotically, the multiplicities 
Mp' m £ for which only semi-algebraic formulas could exist as an examination 
for small values of n and k shows, we will rewrite such basic numerical sums 
under the following more archetypal forrn_|: 
(14) 



= E ( £ i( YT ) - WO)"' 1 • • • (4-i (YT) - ^(YT)) "- 1 (£ n (YT)) a " 

YT semi — standard 
weight (YT) = m 



where in the second line, YT runs over all the possible semi-standard Young 
tableaux, where ^(YT) denote the length of the i-th line of YT, and where as be- 
fore weight(YT) denotes the total number of primes appearing in the associated 
A-monomial, that is to say, the sum of all the A] occupying the squares of YT: 

weight(YT) = weight(YD ( , 1 ,... A) (A^')) 

= E A "+ E # + ■■•+ E #■ 

Then more tractable computations and partially explicit formulas will come up 
as being somewhat available in the next sections. 

Thus, assuming from now on that k ^ n is at least equal to the dimension, 
our first main goal will be to establish (corollary on p. [53] below) that for ev- 
ery (a[, . . . , a>' n _ v a' n ) G W 1 , the following precise logarithmic-like majoration 
holds: 

E (WO - ^(YT))"' 1 • • • (4-i(YT) - C(YT)) "- 1 (4(YT)) a " < 



YT semi— standard 
weight (YT) — m 



fiit _|_ / n(n — 1) 

^ Constants K ■ m ai+ "' +Q ™- 1+a ™ • m nK a , 



u n,K 



Applying these majorations when \a'\ ^ ZH^hli — 1, it will then follow in partic- 
ular that the right-hand side majorant is an O nK (m^ n+1 ^ K ~ 2 ) , whence remainders 
match through summation in Euler-Poincare characteristics, as was announced a 
bit after the theorem on p. |3T1 



The equality written follows immediately from the definitions: the passage from the second 
line to the first line just consists in counting the semi-standard Young Tableaux of weight m 
which have the same underlying Young diagram YD(/ Ij ^ 2j ... ) / n _ li ^ n ), and their number is just 
what we denoted by the multiplicity M*'™ e _ t ■ 
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Afterward, we will study what arises when a[ H h a' n _i + ot! n = n ' ra+1 ) . 

In any case, we need to analyze more deeply what comes out from the semi- 
standard Young tableaux of weight m. 



§7. Asymptotic combinatorics 
of semi-standard Young tableaux 

Repetitions in the A -monomials. In the general A-monomial modulo the 
Pliicker relations given by (fTTI) on p.[ 



n n 



'-n,...,i • 



there may exist (several) repetitions of a given determinant A^]'"- i , since in the 
semi-standard Young tableau, the increasing property enjoyed by the A] is only 
weak along its rows. So in YD^^...^) (A^), we should describe with more explicit 
information the typical block of depth i: 




which is naturally located between a block of depth % + 1 on its left, and a block 
of depth % — 1 on its right. To this aim, let us rewrite such a block as follows: 






'A; 

P?2 


a 3 3 
Mi>M2.- 




"Aii 


A 1 ,A 2 ,. 




'4] 

4 


a 3 3 






-A- 






A. 






A- 







Here firstly, looking at the two extreme (right and left) columns, we changed the 
notation for later purposes, denoting [i\ := X t + 1+1 and v\ := Xj for any row 
index I = 1, 2, . . . , i; secondly, the appearing exponents a* )# * are meant to 
denote repetitions of (bracketed) columns, so that naturally their sum equals the 
horizontal length of the initially considered i-th block: 



H+l 









\A • 
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thirdly and lastly, the succession of columns now increases strictly when one 
disregards the repetitions: 



Vi' 

/'2 



L/4J 



< 



< 



xi 



X' 



< 



< 



4 



V-, 



V; 



where by definition we declare that a column (Aj)i^j<i is smaller (strictly) than 
another column (A") i^/<jj if all its row elements are smaller (weakly): X[ ^ A" for 
I — 1, ... ,i, and if there exists at least one row index l for which X' lo < X" . As 
a result, we have represented our typical semi-standard Young tableau of depth 
d\ as follows by emphasizing precisely the column repetitions, all the appearing 
columns being now pairwise distinct and ordered increasingly: 



M 3 

di 
M dl -1 

u dl 


* 


- ^ r 

di 
^3 

<-l 


/'i 

di-l 

i^di-iJ 


* 


K dl ~T 
v 3 

di-l 

L^di-iJ 









",,31 

/'2 

m1 



M? 

/<2 



,21 s 



KT 



Here, for reasons of space, the multiplicities * are not written in length, but as 
above, they should be read for a typical column as an integer a x j x j x j depend- 
ing on the column which is ^ 1; so we understand that the multiplicities of 
appearing columns are always positive, but it may well happen that some blocks 
of given depths are completely missing3 so that at some places, there are con- 
tacts between a block of depth, say % + c on the left for some c ^ 2, and a block 
of depth % on the right. Furthermore, inside any block, semi-standard inequalities 
must hold, and between the two contacting columns of two neighboring blocks, 
say of depth i + 1 and of depth i: 



K +1 l 

/4 +1 


* 


ri/j+Y 

-2 +1 
J* 1 

yltl 


1/4" 
K 


* 


4 









However, in what we will be interested in later for applications to the Green-Griffiths 
bundle of jets, we will have to study only Young diagrams YD^ ^j for which £% — £2, ■ ■ ■ , 
£ n -i — l n and i n are all positive, and even in fact large, so letting all blocks appear in diagrams 
is harmless. 
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there must of course in addition exist the semi- standard-like truncated inequali- 
ties: 



(15) 



,«+! 
,»+l 



^ +1 






/'i 



with nothing about the last element of the longest column; if more generally, the 
contact holds between a nonvoid block of depth j + con the left and a nonvoid 
block of depth i on the right, in the case where blocks of the intermediate depths 



i + c — 1, 



, i + 1 are inextant, then the last c elements v 



i+1' 



i/ 



l + C 

i+c 



of the 



rightmost column of the longest block located on the left are subjected to no 
constraint at all. 

A notable example of such a semi-standard Young tableau representing a A- 
monomial written in such a way more informative than before is the following: 



71-1 

n 



K 



n — 1 



ir-w 



K-n+2 



It has depth d\ = n and its first column on the left corresponds naturally to the 
n-dimensional Wronskian: 



A{ 



1,2,3,. 
2,3,. 





/J 


& 


n 




n 


ft 


fS 


1,71 


re 


fin 


fin 


1,71 _ 










An-l) 


An-l) 
J2 


An-l 
J3 




f[ n) 


An) 
12 


An) 
J3 



1) 



Jn-1 


f 
J n 


f" 

Jn-1 


f" 


fill 
Jn-1 


fin 
J n 



(n-1) An-l) 



Jn-1 Jn 

An) f 

Jn-1 Ji 



(n) 



raised to a certain power * = Oi,2,3,...,n-i,n ^ 1; i n its first block, the bottom in- 
dices of extant columns are n,n+l, . . . ,k — 1,k while all other indices above are 
constant horizontally; in its second block, the bottom indices of extant columns 



are n — l,n, n+ 1, 



K + 1, k; and so on. Therefore, the number of pairwise 
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distinct columns is equal td_|: 

(k - n + 1) + (k - n + 2) -\ h (« - 2) + (k - 1) + k = nn 
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n(n— 1) 



Observe that this example of semi-standard Young tableau constitutes not just 
one A-monomial, but in fact it represents a whole specific family of A- 
monomials which are labelled by all possible column exponents * ^ 1. Of 
course, the row lengths, or equivalently and what is clearer, the differences of 
row lengths, may, as already seen, be expressed in terms of these exponents: 



f 


Z-n — Ol : 2,3,...,n-l,n + V Ql,2,3,...,n-1,K 


4-i- 


- £ n = Ol,2,3,...,n-l + ' ' ' + Ql,2,3,...,K 


~h = Ol,2,3 H 1" a l,2, K 


h 


- 4 = o-i,2 H h ai,« 


*i 


- £ 2 = Oi H ha K . 



One should also remember from the theorem on p. [30] that the total number of 
primes in any considered A-monomial should be constant equal to m, a condition 
that can now be read here as: 

• +U — 1 + n]oi,2 1 3,...,n-l,n + h[l + 2 + 3 + h V, — 1 + «] Ctl,2,3, 

+ n- l]oi,2,3,...,n-i H h[l + 2 + 3H h «;]ai,2,3,...,«+ 



[1 + 2 + 3- 
[1 + 2 + 3- 



[1 + 2 + 3] oi,2,3 + • • • + [1 + 2 + k] ai, 2 ,«+ 

[l + 2]ai j2 + h [l + «]ai,«+ 

[l]oi H h [«]a K ; 



in this equation, each exponent ai,2,3,...,i-i,A, i ^ A ^ k, is multiplied by the sum 
1 + 2 + 3 + --- + Z — 1 + Aofits lower indices, an integer which equals the 
total number of primes in the determinant A- l ' 2 ' 3 , '"'lZii , so that the total number 
of primes in the power [A^'g'^'-I^'j] 01 ' 2 ' 3 ' ! ~ 1A is indeed equal to the product: 



[1 + 2 + 3 + hi — 1 + A]ai, 2 ,3,. 



,i-l,A- 



Maximal number of pairwise distinct columns in YD^ 1 ,...,^)(A^). We now 

come back to a general semi-standard Young tableau of depth d\ with extreme 



13 



Notice passim that this number minus 1 plus the (constant) degree of any homogeneous 



monomial (^ - £ 2 ) Ql + • • • + (£„_! - Q" 71 ' 1 (Q an : 



n(n— 1) 



- 1 



n(w+l) 



= (k+ l)n- 1 



equals the exponent of m in the formula of the theorem on p. Q~3] about the asymptotic behavior 
of the Euler-Poincare characteristic. 
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columns in each block that can be arbitrary: 

(16) 



M? 1 
4 1 






4' 



,di 



- di-l 
Ml 



di-l 



'1 

di-l 
'2 

di-l 



/l-l 
'di-1- 



/'2 

mI 



,ji* 



" 21 : 

Mi 

/'2 



#^£>l 



#s=£ , 2 



#^£>3 



#<O dl _ 



What is the maximal possible number of pairwise distinct *-ed columns? In the 
rightmost block, the number of entries in the single row is clearly less than or 
equal to: 

l + v\ 



Df.-- 



n\. 



In full generality, there may well be several gaps from ji\ to v\ in the 'cdots', so 
D 1 is an upper bound. If a general *-ed column of depth i with 1 ^ i ^ d\ has 
two immediate neighbors, with no possible intermediate neighbors: 



[Ail 


* 


[Ail 


* 


[A'/l 


* 


K 


< 


A 2 


< 


K 




K 




A, 




K 





then necessarily the two sums of horizontal differences: 



Ai 


- a; + a 2 


- K + ■ 


• • + Xi - 


-a: = i 


K- 


- A x + X'i - 


- A 2 + - 


■ + K- 


- A, = 1 



are both smallest possible, equal to 1. It follows easily from this observation 
and from the constraint of semi-standarcy that in the penultimate block, in the 
antepenultimate block and in the general i-th block, the numbers of pairwise 
distinct *-ed columns are at most equal to, respectively: 



D 2 :=l + (ut-fJLi) + (i4-f4), 

D 3 :=l + {vl - tf) + {y\ - fi) + {v\ - £), 



and to: 



(17) 



A :=1 + X>* -/!{)■ 



i=i 



Consequently, the total number of pairwise distinct columns in an arbitrary semi- 
standard Young tableau is at most equal to D x + D 2 + D 3 -\ h D dl _ x + D dl , 
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uit 


is to 


say to: 

1 


+ 


di 


di 
-Ml 


+ 


u dl 


-^ 


+ 




-M^ 1 


+ 










+ 




di 

"Md- 


+ 


di 





il-1 



1 

1 A'- 1 
4^ 



v\ 


- a 3 

Mi 


+ 


-! 2 - 


-M? 


4 


-i4 


+ 


-I- 


-Mi 


4 


-Ms 


+ 







/'J 



di- 

di- 



di- 

Md*. 



But by permuting the order of appearance of v and \x in each subtraction of every 
line, this sum becomes: 



1 



1 



1 



1 



-M2 1 


+ 
+ 
+ 
+ 

+ 




+ ■• 
+ •• 
+ • 
+ 


• + 

• + 


4 


9 

2 
~Mv 


+ 
+ 


4 


M£-i 

-u dl 

Mdl 


v dl - u dl ~ l 
1/* 





and then by taking account just of the semi- standard-like inequalities (1151) on 
p. [42] (about the columns of contact between two neighboring blocks), we see 
that all the pairs that we have underlined above are ^ 0, whence: 

D dl < dt ■ 1 + (-/if + v{) + (-/4 1 + v\) + • 

,,di-l\ 



D 1 + D 2 + D 3 + • • • + A^-i 



+ 



-u dl 



'di-1. 



-<+^: 



di 



Finally, the strict inequalities < p^ < p 2 < ■ 
entries of the first column yield trivial majorants: 



< A-x < A between the 



-/if^-1, -^< 



.d-1 



■(di 



-di, 



and since all the ^ are ^ k anyway, we deduce about any semi-standard Young 
tableau the following maj oration: 

total number of distinct *-ed columns ^ & x + (— 1 + k) + (-2 + k) H h 

+ (-(di - 1) + k) + (-di + «) 

^ n + (-1 + «) + (-2 + k) H h 

+ (-(n- l) + «) + (-n + «) 

n(n— 1) 

Lemma. The total number of pairwise distinct columns in a semi-standard 
Young tableau of depth ^ n filled in with integers \{ ^ k is in any case 



^ 71K 



n(n— 1) 



D 



We now introduce several families of A-monomials parametrized by a fixed 
collection of pairs of columns (having various multiplicities * ^ 1) that should 
occupy the left and right extreme positions in blocks of decreasing depths. 
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Main definition. Let d\ be a positive integer ^ n and let n] and v\ be integers 
defined for i = 1, 2, 3, . . . , dj — 1, di and 1 ^ / ^ i with /ij ^ k and i/j ^ k 
which satisfy all the following inequalities: 

• vertical downward increasing: 

< /4 < • • • < n\ and < v\ < ■ ■ ■ < v\ (t = i,...,di); 



• weak increasing inside blocks: 



• weak increasing for the contacts between neighboring blocks^ 

v\ ^ jx\ (i = l,...,di-l; l<l<i) 

Then with such data, the family of semi-standard tableaux: 



YT K>m (/x|,i//) 



is defined to consist of all possible concatenations: 

b\ock dl (n dl ,v dl )--- block' (//>')••■ block 1 (/iV 1 ) 
of semi-standard blocko of the form: 



block 1 (V,z/) = 



M2 




A 


a AJ,...,A| 


4 


& i i 
v 1 ,...,l> i 



all *-ed columns being pairwise distinct and ordered increasingly from left to 
right, with multiplicities: 



CL,.i ,,i ^ t, 






°t4,...,t/* ^ 1 



which are all positive and with the further important constraint that: 
m = weight (block dl (/i dl , z/ 1 )) H h 



+ weight (block* (/£,»*)) 



weight (block 1 (/i 1 , v 1 )). 



The most general case where certain block lengths i are missing, so that block lengths 
sometimes jump for more than one unit, is implicitly also embraced by such a definition, for it 
suffices, about the indices i of blocks that are thought to be missing, to just prescribe somewhat 
arbitrarily some integers fij and v\ that violate the second condition ; the third condition is then 
supposed to hold for the direct contacts between the really extant neighboring blocks. Since in 
our later principal considerations, we will not be dealing with semi-standard tableaux having 
block gaps, it is not necessary to introduce further specific notations here. 

By a semi-standard block is of course meant a block in which strict increase holds down- 
ward along columns, while weak increase holds from left to right along rows. 
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where according to an expectable, natural definition: 

weight (blockX//, v 1 )) = (fi[ + • • • + f4) a ^,...,^ + •■■ + 

+ (X{ + ■ ■ ■ + K)a K _ K +...+ ( u [ + ... + ^K;,..,„? 

simply denotes the total number of primes (remember the theorem on p. 1221) in 
the associated A-monomial: 

(A^:;;;^) 4.-^ . . . (A^;;;^)"^-^ ■ ■ ■ (A j;;/ l ) < M>---< 

In a specific family Y\ m (u l u vf) , the freedom of variation lies: 1) in the choice 
of some intermediate columns; 2) in the choice of the number of such interme- 
diate columns; 3) in the choice of the positive multiplicities of all the columns. 

Lemma. The collection of all semi-standard Young tableaux YT of depth ^ n 
filled in with positive integers X{ ^ k whose weight equals m is identical to the 
disjoint union: 

y yt^ozu*) 

of the so-defined families of semi-standard tableaux. 

Proof. According to the preceding considerations, an arbitrary semi-standard 
Young tableau looks like (TT6l) on p.@4l hence belongs to YT Km (/i;, vf) for some 
p,\, v\. Disjointness follows from the fact that the extreme column data {y\ y vf) 
are obviously pairwise distinct. D 

By what has already been seen, the number of pairwise distinct columns in 
any block* (//, v l ) may well be equal to zerd_j and is always smaller than or equal 
to: 

a:=i + e; =1 w-a4 

In order to fix ideas about the exact number of distinct columns, we shall in 
addition split each (big) family YT K m (/iJ, vf) in distinct, finer (sub)families as 
follows. 

For every i = 1, . . . ,n and for every nonnegative integer: 

less than the maximal possible number of distinct columns inside block l (//, v % ) 
minus 1, let us choose a discrete increasing path_|: 

7 l : {0, 1, 2, . . . , t 1 } — ► downward increasing columns e {1, . . . , k} % 



This would correspond to the empty block case, cf. a preceding footnote. 
When a block of depth i is inextant, we set t' := —1 so that the length 1 + r* of any 
associated path 7* equals 0: possible paths 7* are thus necessarily empty in this case. 
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from the //-column to the z/-column, namely: 



/'2 



7J(0) 
75(0) 



A = 7J(0) 



< 



7i(i) 

7l(l) 

t!(i) 



< 



< 



r-yic**)" 


T |(s*) 


_ 7 !(s i )_ 



< 



< 



7l(r l ) 
llir 1 ) 



'7 
i4 



z/J 



with s l = 0,1,2, ... ,T l denoting the current (discrete) time variable, such that 
the associated block: 



block' (7') := 



pyi(o)" 

75(0) 


* 


via)" 

75(1) 

7i(i). 


* 


'-AW 

75 (*') 
7K**). 


* 


75 (t*) 
7l(^). 


* 



is semi-standard. Then with such data, the (sub)family of semi-standard 
tableaux: 



YT^f.i/jy.TV)) 



^ 1 



is defined to consist of all possible concatenations: 

block™ ( 7 n ) • ■ ■ block* (f ) • • ■ block 1 (7 1 ) 
of the above specific blocks, with * -multiplicities: 

which are a// positive, and with the further constraint, similar as before, that: 

m = weight (block n (7 n ))H \- weight (block*(7*))H \- weight (block 1 (7 1 )). 

Here of course, the weight of a general single column, namely having with mul- 
tiplicity 1, equals: 

7j(* i )+7& i ) + "- + 7fr < ), 
hence the *-ed column has weight: 

H(^) + 72(5*) + • • • + 7i(s 4 )] sic-*),...^^)- 

From now on, we shall denote the multiplicity of a general *-ed column shortly 
by a*,, instead of a 7 *(y) v .. i7 »(V)- The weight homogeneity condition therefore 
reads: 

(18) 



m 



^ a\ 



E E [7i(^) + ---+7l(^ 

In a specific family YT K)m (juf, z//, r l , 7*(s 1 )), the freedom of variation now 
lies only in the multiplicities, since all the pairwise distinct *-ed columns are 
fully prescribed in it. Notice that as m is supposed to be quite largd_| in 
comparison to n and k, then for any choice of pairwise distinct column data 
[fj,\, v\, t\ 7 4 (s 4 )), the column weights [7i(s J ) + • • • + 7i( s *)] being fixed and 



eGGrp* 
(3 K,m 1 X- 



We will eventually let m —> 00, similarly as in the Euler-Poincare characteristic of 
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finite, there is still much freedom for the multiplicities to fulfill the homogeneity 
condition in question. We will in fact realize in a while that the number of semi- 
standard Young tableaux of weight m in any family YT K>m (/xJ, v\, t\7*(V)) is an 
On,K {rn D ~ l ) , where D = Y^i=i 0- + T% ) as before is the total number of pairwise 
distinct columns. 

By construction, it is clear that the union of the (sub)families 
YT Kim (/^, v\, t\ 7*(s 4 )) fills the previously introduced larger family: 

YT K , m (ri,vf) = |J YT^^z/^^tV))- 

Lemma. The collection of all semi-standard Young tableaux YT of depth ^ n 
filled in with positive integers \\ ^ k whose weight equals m is identical to the 
disjoint union: 

|J YT^Xr^V)) 

of the so-defined families of semi-standard tableaux. Furthermore, the number 
of possible such families YT rem (/ij, v\, r, 7*(V)) is smaller than or equal to the 
(nonoptimal) constant: 



lK i+ (^y 



I \ l+i(re— i) 



Constant, 



i=i 



independently ofm. 



Proof. Disjointness (not yet argued) of subfamilies inside a family YT Km (fj,\, vf\ 
comes from the fact that any collection of paths (7 1 , 7 2 , . . . , 7") prescribes all the 
mutually distinct *-ed columns that are extant, their multiplicities being all ^ 1. 
In a block of depth i, a single *-ed column is either empty, or it consists 
of i numbers Ai, . . . , Aj chosen without repetition in {1,2, ... ,k} and ordered 
afterward increasingly. So the number of possible such columns (including the 
empty one) is equal to 1 + , R *k Hr Since all *-ed columns are pairwise dis- 
tinct, the maximal number of *-ed columns that one may put in a semi-standard 
block of depth i will be attained for the blocks having the following two extreme 
columns, which are the farthest ones for the ordering between columns of depth 



1 

2 

i-\ 
i 


* 


k — i + 1 
K-i + 2 

K-l 

K 



It follows from (TTTI) on p.|44]that one may put at most: 
(19) l + («-z + l-l) + («-i + 2-2) + --- + K-i 



1 + i(k — i) 
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pairwise distinct *-ed columns in between so as to constitute a semi-standard 
block. Without optimality, we then majorate the number of possible semi- 
standard blocks of depth i (including the empty one) simply by the number 



1 + 



of possible *-ed columns raised to a power equal to the maximal 



(K-i)U! 

number 1 + i(k — i) of pairwise distinct such *-ed columns. What matters for 
the sequel is only that the obtained majorant is independent of m. □ 



In summary, here is how we constitute our refined view of an arbitrary semi- 
standard Young tableau: the data (//j, i^)i^i, subjected to the natural inequal- 
ities of the Main definition on p. |46l prescribe the left and right extreme *-ed 
column in all blocks of depth i = 1,2, ... ,n (with possible block gaps); r* + 1 is 
the number of pairwise distinct *-ed columns in the i-th block, and these columns 
are 7*(0), . . . , 7*(V); all * -multiplicities of these columns are ^ 1. 



Asymptotically negligible families of A-monomials. By definition, for each 
semi-standard Young tableau YT belonging to a fixed family: 

YT K , m (/^\T\ 7 V)), 

the number D of pairwise distinct *-ed columns is equal to the sum of the lengths 
of the paths between two extreme *-ed columns in every bloclo 

D = (1 + r 1 ) + • • • + (1 + t 1 ) + • • • + (1 + r n ). 

However, the common horizontal length of each of the i rows in the block: 



block 1 ( 7 l ) 



r-yi(o) - 

7l(0) 


a' 


7? (1)" 

73(1) 
.7*(1). 


a{ 


Vi(**)" 

.7J(**). 


a 1 i 


7l(r') 


a 1 i 



depends visibly on the multiplicities, and is equal to: 



+ a[ H h a** + 1- a\i = J^ 



<i- 



0^S l ^T l 



19 



By the preceding convention, inextant blocks contribute with to this sum, e.g. all blocks 
of depths d\ + 1, . . . ,n when the depth dj of the tableau is < n. 



§7. Asymptotic combinatorics of semi-standard Young tableaux 51 

It follows that the lengths £±, £ 2 , . . . , t n -\i @n of the first, second, ..., (n — lVth 
and n-th. horizontal lines in the semi-standard Young tableau YT are equal tco 

h= Y < n+ E a n s -\ + ---+ y a ' 2 + Y ^ 
h= Y <& + E <n-\ + ---+ Y ^ 



t n = ^>^ a s n. 

As we already said in Section 6 above, it appears a posteriori more adequate to 
write everything in terms of the differences: 

£l-t 2 = Y ^ •••' £ n-l-£n= Y <-i' £ n= Y °-» 

of lengths of lines, which are nothing but row lengths of blocks. 

Proposition. Fix ji\, v\, r l and Y(s l ). Ifa[, . . . , a' n _i, a' n are arbitrary nonneg- 
ative integers satisfying: 

' i i ' i ' ^ n(n+l) 

?/zen z^ere emto a positive quantity Constant^ > depending on n and on k 
which is independent ofm such that: 

Y (WO - ^(YT))"' 1 • • • (4-i(YT) - ^(YT))""- 1 (£ n (YT)) a " < 

YTGYT K , m (^,^,T% 7 »(s*)) 

^ Constant,,,* • m a 'i+-+<-i+< . m^ 1 , 

where D = Y^l=i (^ ~*~ r *) z * ^ e common number of pairwise distinct *-ed 
columns shared by all Young tableaux YT G YT Km (/ij, z/j, r\ 7 l (s 1 )). 

Proo/ Substituting the values t- L — £ i+1 = ^2 0<s i <T i a s* m me monomial: 

and expanding the result, we may majorate: 

(h - i2) a ' 1 ■ ■ ■ (L-i - LT'"- 1 (L) K ^ 

SC Constant T i,... iT n • Y (] (<0^)- 



Sums X)n<s i <r i a *< ^ or which r* = — 1 (inextant blocks) are naturally thought to be 
inextant. 
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Since according to (fT9l) on p. [49] above, the r % ^ %{k — %) ^ nn are majorated in 
terms of n and n, we have: 



Constant^ T n ^ Constant n;K . 
Moreover, since a[ H \- a' n _ 1 + a' n ^ 2 + , the number of terms in the sum: 

E (•) 

is also ^ Constant^ K . Consequently, in order to prove the proposition, it suffices 
to majorate by the same claimed majorant: 

Constant,^ ■ m a ' 1+ '" +a '™- 1+a ' n ■ m D ~ l 

every single sum of the form: 

e ( n wo*- n mo' 5 '). 

YTeYT,,, m (/**,!/* ,t*, 7 *(s*)) V (Ks1<t1 0< S »^r™ 7 

where the exponents /3 l si , i = 1, . . . , n, ^ s* ^ r\ are now fixed and subjected 
to the same property that their sum equals: 

Yl Yl ^=«i + "-- + «n-l + «n- 

Recall that Young tableaux in the family YT Krn (/^, uf, t\ 7 j (s j )) have fixed set 
of pairwise distinct columns, and that the freedom only lies in the multiplicities 
a l i ^ 1, i = 1, . . . , n, ^ s l ^ r\ of the columns. The considered sum: 

E (•) 

coincides therefore with the sum: 

E (•)• 

which takes precisely account of the homogeneity constraint (fT"8T ) on p. |48j Let 
us now set: 

whence a*, ^ b\ alwayo so that the sum in question now writes: 



e (n n (<■)'•■) 



E 6\+-+E &"n=™. v *=l 0<a*< 



e n n w- 

E & 1 i+-+E 6 ?"= m i=1 o<**<t' 



91 

Even in the case where the block of depth i is inextant. 
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The number of nonzero variables b % s i E N here is the same, equal to D, as the 
number of nonzero exponents a%. The conclusion now follows from the elemen- 
tary general inequality: 



J2 b i 1 --- b D D ^Constant D 



m 0l+-+Pn . m D-l 



bi-\ \-b D =7n 

b 1 ^l,...,b D ^l 



that can be established by approximating the sum by a Riemann integral; of 
course, Constant^ ^ Constants >lt . D 

From this proposition, we will deduce a few corollaries. Firstly, as an- 
nounced earlier on at the end of Section 6, we have: 

Corollary. Let a[, . . . , a' n _i, a' n be nonnegative integers satisfying: 

/ i i / i / ^- nln+l) -i 

Then the following majoration holds for the summation over all semi-standard 
Young tableaux of weight m: 

J2 H YJ ) - ^(YT))*' 1 • • • (4-i(YT) - ^(YT))^- 1 (£ n (YT)) a " ^ 

YT semi— standard 
weight(YT)=m 



^ Constant^ • m ai+ '" +a "- 1+a ™ • rri 
^ Constant^ • m (K+1)n " 2 

Proof. According to the lemma on p. 



n(n — 1) 
UK *-= 






*mi — stai 
weight (YT) = m 



(•) = EEE E (•). 



(if, v\ n 7 i (s i ) YTeYT((ui,i/|,T i ,7'(s i )) 



and furthermore, the number of terms in the three first sums of the right-hand side 
is ^ Constant n K . It suffices then to apply the proposition which controls each 
fourth sum, reminding from the lemma on p.|45]that each D = EJ™ =1 (1 + T% ) 1S 

^ n(n—l) i — i 

in any case ^ nn v 2 ' . U 

Secondly, from the simple inequality (fT3l) on p.[38l we immediately deduce: 

Corollary. If a±, . . . ,a n are any nonnegative integers satisfying a\ + • • • + a n ^ 
^tll _ i, tnen: 

i(n-l) 



J2 (^i(YT)) ai ■ • • (4(YT)) Qn < Constant^ ■ m ai+ - +Q " ■ m nK ~ * 



YT semi— standard 
weight (YT) — m 



^ Constant n K ■ m 



(K+l)n-2 



Lastly, we now introduce a certain collection of semi-standard Young 
tableaux the contribution of which appears to also fall in the remainder 
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n ,K (m( K+1 ) n 2 ) : we gather all the ones for which the number of pairwise 
distinct columns is (strictly) less than the maximal possible number nn — w ^ n ~ - : 



fly ,1/j ,r*,7*(s*) 



The number of appearing such families YT K; , n (//], i/| , r J , 7 l (s 1 )) is of course less 
than the majorant: 



II (1 + I*) 1 *""" - Constant 



i=l 

provided by the lemma on p. |49]for the total number of all families. 

Lemma. For any integers a[, . . . , a' n _ 1 , a' n whose sum equals n(,n » ' , the con- 
tribution of: 

J2 W YT ) - ^(YT))"' 1 ■ ■ • (4-i(YT) - ^(YT)) *- 1 (4(YT)) Q " ^ 

YTeNGYT K , m 

< Constants K ■ m (K+1)n " 2 



(re+l)n-l 



zs asymptotically negligible in comparison to the dominant power m 



Proof. By what has been just seen, it suffices to verify that such a majoration 
holds for a sum XVre(») runnm g over a single family YT K)m (/xJ, v\, t\ 7*(s r )) 
contained in NGYT Km , and this was already achieved by the proposition on p.lST 
above, since n ^ +D—1 $C (re+l)n— 2 always when D ^ nw— V 1- D 



§8. Maximal length families 
of semi-standard young tableaux 

Relevant families of A-monomials. In the remainder of the paper, we shall 

now consider only exponents a\ satisfying a[-\ h oc' n _ l + a' n = n( " 2 +1) . From 

the proposition just proved, we deduce that the complete sum: 
(20) 

£ (WO -^(YT))^ ••• (4-i(YT) -£ n (YJ))<-i(£ n (YT))< 

YT semi — standard 
weight (YT) = m 

splits up as a negligible sum plus a relevant sum that we should now study: 

E + E • 

YTeNGYT K , m YT0NGYT K m 
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Hence, what remains to be studied is the collection of all families of semi- 
standard Young tableaux: 



y-pmax 


U yt^UV.tV)) 




fl'j ,i/?, r z ,7 z (s z ) 




E^IHt^m-"'"^ 1 ' 



for which the number of pairwise distinct columns is maximal, equal to riK — 
n '"~ ^ . The following statement describes them in great details. 

Proposition. The number D of pairwise distinct columns in any semi-standard 
Young tableau written as in (fT6l) on p. \44\is in any case ^ nn— n ^ n ~ - . Further- 
more, a given semi-standard Young tableau reaches the maximal number: 

D 



riK 



n(n— 1) 
2 



of pairwise distinct columns if and only if all the following conditions are ful- 
filled: 

• the depth of the tableau is maximal: d\ = n; 

• nonvoid blocks of any depth i = 1,2,3, ... ,n — l,n are all extant, so 
that the number of nonvoid blocks is maximal, equal to n; 

• the leftmost *-ed column of the tableau corresponds to the n-dimensional 
Wronskian A 1 ' 2 ' 3 '' ^I 1 '^, reproduced a certain number * ^ 1 of times; 

• the bottom-right entry of every block is maximal: 



v~> 



Vi 



n-1 



V„ 



k; 



n- 1 
n 



r..n-r 

Mi 

MS" 1 

^r 1 



Mn-1 
K 



Ml 

/'2 
Z'3 



ll 71 - 1 
Pn-1. 



r n-2' 
Ml 

Mr 2 
Mr 2 



Ml 

/'2 

1/4. 


* 


Ml 

ft 


* 


[m?~ 


* 


r ii* 
Mi 


[^i] 


* 


- -* 




1+r 1 






1+r 2 





1+T-* 



1 + r" 



the border column entries (excepting the last one, equal to k, of the 
longest column) of any pair of neighboring blocks are equal: 



Mi +1 " 

M 2 +1 



m* +1 



i+l 



/+1 = 
i— 1 



M 2 



H-l 



Ma 
[/4. 


* 


*4 = M 2 X 

4-1 = Mti 



TmI- 1 ! 

Mr 1 


* 


^l — Mi 

^r 1 - Mr 2 

K 
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• the number of pairwise distinct columns in each block of depth i, for 
i = 1, 2, 3, . . . , n — 1, n is maxima^ equal to: 

i + r l := i + (/4 _1 - iA) + (/^T 1 - /4) + ■ • • + (/Cl - m!-i) + (« - /4) 

i—l i 

i=i i=i 

so that the total number of pairwise distinct columns is accordingly in- 
deed equal to: 

n 

(1 + r 1 ) + (1 + r 2 ) + (1 + r 3 ) + • • • + (1 + r"" 1 ) + (1 + r n ) = n + uk - ^ fif 



riK 



1=1 
n(n— 1) 



2 

Proof The majorant uk — "I"" 1 ) has already been obtained above, before the 
introduction of families of Young tableaux. The remaining statements follow by 
thinking once again about what has already been seen above. □ 

So the families of semi- standard Young tableaux having maximal number 
nn — n( - w ~ - of pairwise distinct columns is parameterized by all the collections 
of integers n\ satisfying the inequalities: 

1 ^ n\ < K 

1 ^ p\ < /i 2 . < K 

(21) i < Mi < t4 < i4 < « 

1 s' , .n—1 ^ , ,n—l ^ , ,n—l ^ ^ ,,n—X^ ,. 

l^H x <^ 2 <^3 <""<A*n-l<« 

i ^ i4 < & < ni < ■ ■ ■ < p n n _ x < <, 

together with the further semi- standard-like inequalities^]: 

(22) rt>lf 1 >--->f#- 1 (>t). 

For brevity, let us write as: 



A e V n ,« 



the condition that the fj,} satisfy the two sets of inequalities (|2T[) and (|22|) . For 
any such choice of \x\ G V n , re , we shall denote by: 



YT^o 



By convention, we shall also call /i™, /xJ? , fJ-3 > • • • i M™-ii Mn tne entries 1, 2,3, . . .,n— l,n 
of the leftmost *-ed column. 

Diagramatically, this second set of inequalities reads as saying that vertically in each col- 
umn of the first array (fJTJ of inequalities, the integers /j,j are weakly decreasing. In particular, 
K ^ //" = n, as was assumed throughout earlier on. 
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the family of semi- standard Young tableaux which consist of all possible con- 
catenations: 

block" ( 7 n ) • ■ ■ block* (f ) • • ■ block 1 (7 1 ) 
of pathed blocks of the form: 



block 4 (f) :-- 



/4=7i(0) 
/4 = 7l(0) 

/4-i=7ii(0) 
M!=7l(0) 



' 71(1) ' 
75(1) 

7l_i(l) 
71(1) 



' 7J(^) ' 

7&') 

7J-i(**) 

7?^) 



'7i(T i )=MT 1 ' 

tiV) = /4- 1 

7 |_ 1 (r i )= M ti 
. 7|(t') = « . 



where the lengths 1 + r l of paths are maximal equal to: 

2— 1 i 

1 + ^ = 1 + ^ + ^^-1-^^, 

so that between two successive *-ed columns: 



r 7 i(^)l 


* 


f 2 (s l ) 


< 


ll{s l )_ 





7i(s 

72(s 


+ 1)" 
+ 1) 


7J(« 


+ 1 ). 



one has the semi-standard inequalities Yi(s l ) ^ 7[(s J + 1) for I = 1, 2, . . . , i but 
the jump is smallest possible, namely ^\(s l + 1) = Yi ( s *) f° r ai l ^ except only 
one Zo for which: 

7i(a i +l) = l + 7j,(A 
Such paths all of which jumps are unit will be called tight paths. With all these 
notations, the initial complete sum (T2~0l) to be studied now writes: 

£«=£(•)+£ E w 

YTs< r i ^?r dard YTeNGYT K , m /j»eV„, K YTeYT^Sffuf) 

weight(YT)— m ' ' re,m \r~t/ 

the first sum being negligible, in the sense that: 
(23) 



J2 ( £ i( YT ) - ^(YT))" 1 • • ■ (* B _i(YT) - ^(YT))"- 1 (4>(YT)) C 



YT semi-standard 
weight(YT) = m 



: 0„, K (m^ 1 )- 2 ) + 

]T E N YT ) - ^(YT))"' 1 • ■ • (^_x(YT) - ^(YT))"'- 1 (^„(YT)) Q " 

MJev„. K ytgyt™^( m ;) 



Grouping sums. Let us therefore fix jx\ e V n>K , let us keep aside (and in mind) 
the first summation X!«»ev„ „ (•)> an( ^ ^ et us consider only the second summation: 

E (^ YT ) - ^(YT))"' 1 • • • (4-1 (YT) - ^(YT))^- 1 {£ n (YT)) < - 

YTeYT--(^) 
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With t % := k + EI=i Z 1 ? 1 ~~ E!=i A*?' this apparently compact sum identifies in 
fact with the multiple sums: 

£•■■£ £••■£(•), 

7 1 (s 1 ) 7»(s n ) a\ a" n 

the paths 7*(V) being all tight and the multiplicities o% being constrained only 
by the weight condition: 

n 

E E bi(^) + --- + 7^)R = ™- 

Since the paths are tight, the sums (equal to the weights of columns): 

ilis 1 ) + ■ ■ ■ + iKs 1 ) 

jump of a single unit as s l = 0, 1, 2, . . . , r\ and to be precise, they take the 
following exact values: 

' Eli /4 for «* = 

1 + Eli Ml for^ = l 
Ti(s*) + - ■ + 7i(s*)=M 2 + Eli^ fors 4 = 2 



U + E;:;^ for^ = r l 
independently of the paths. In other words: 

with of course at the end (as already written): 



i-l 



ilir 1 ) + ■■■+ 7i(r*) = « + E ^r 1 - E ^ + vi + ■ ■ ■ + ti 

i=i i=i 

Recalling thaS 

(4(YT) - ^ !+1 (YT)) q; = (4 + • • • + a^y' 1 (!«<»), 

we may therefore write: 

E N YT ) -^(YT)) ' 1 ••• (4-i(YT) -£„(YT)) Q »- 1 (4(YT)) a " 

YTSYT™(^|) 

= £■■■£ E IIK + -+40^ 
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By convention, £ n +i = £„ + i(YT) = always. 
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Observing that the last written sum is independent of the paths, each one of 
the first n sums X^iy) men collapses as just multiplication by the number of 
considered paths j % (s % ). Thus, let N\ denote the numbeo of tight paths 7 1 (s 1 ) 

from ji\ to k; let iV^ 1 '* denote the number of tight paths 7 2 (s 2 ) from the column 

*(/i 2 , /z 2 ,), where *(•) denotes transposition, to the column *(/4, ft); and generally, 
let: 



/4 V 2 \~,ni-l> K 



denote the number of tight paths 7 l (V) from the column ' (/j\, /i* 2 , . . . , /i-_ l5 ^f) 
to the column '(/4~ ,^2" 1 ■ ■ ■ > lA-i^ K )' vvith the natural convention that, for 
i = n, one has the notational equivalence: 

Then with such notations, we may represent our sum as: 

7 i( S l) 7 "(s») E£ = iE 0< .i <T i[- i +M i i+-+MJ]a* ( =m <=1 



,1 *■ ,,2 ( ,2 



72—1 „ n — 1 



ui ii.-f.nA u9.iis.iii l,...,n— l.n 



Mi Mj,A»2 Mi./^S 



e nw+-+°w ai - 

In conclusion, remembering the dropped XL*ev ' we nave estarj hshed that: 

J2 E (^( YT ) " ^(YT))*' 1 • • • (4-i(YT) - 4(YT)) Q ' 2 (4(YT)) a « 



= V N\N^'\Ni' l j' K a ---Nf~ 1 '"f}- l,K - 

Z^ A*i M?,m1 M?,m|,m| l,...,n-l,n 

M?eV„, K 

n 

e nw+-+^ 

E? =1 E 0<s i <T » [-*+/x* 1 +...+^]a* t =m i=1 

Approximating sums by integrals. If we now set, similarly as in §3: 

U ■= —a 1 
m 
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In fact trivially, N\ = 1. 

Mi 
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the sum of the last line of the preceding, boxed equation: 



Snk™%0 : = e n(°o+---+<o^ 



becomes: 



-/ _,/ 



s^r»W)= E m«i+-+<n E 7J 

,«' t=l O^S^T* 



e n e 



n(n + l) 

m 2 

i — ' J-J- \ ^ — ' 772 

.0*. t=l v 0^s l s£r l 

£fc=i£o<.<^ [ si +Mi+-+M|]^=i 

Approximating the so obtained sum by a Riemann integrao we get up to a 
negligible power of m: 

rv f rv l / -\ / / 1 -1 \ on n(n-f-l) n(n— 1) -. 



n e ^ 



Performing next the changes of variables: 
whence: 






we transform the integral as: 



S&^(^)=m^ 1 )- 1 . II XT7T- n 



w si + A*i ^ s " + ^ + • • • + ^ 



O^s^r 1 1 OsCs^t" 



lj Lfl _1_ _L r «J L r « -1 ±A ; V ^^ S* + 111 + • • • + Li] 



11 \ Z— ' e* J- //* J- . . . J- ,,\ I 

0-1- -1-c Tn -i i=1 \ 0s£s i^ 7 

+ O n „ K (m( K+1 )"- 2 ), 



where: 

dc' := dcj • • • cfcjii 4cq - ■ ■ dc™ n . 



A different view may be found in (2) . 
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Using the multinomial formula, we now expand the product of all the c^-th pow- 
ers under the sum in the second line above: 



n e Ti 



n r 



^ T , sl + Ml + ' ' ' + MS 
oil 



J - J r ^ q l nl ■ ■ ■ qlil LL . vs' + MH h u- 



c , 



1,i 



E ••■ E 



«i! 



ad! 






n b 



A \»,'> 



E - E 



n 



„ 1 1, 






a[\ 



a'J 



,n ,i 



-,n\ „n 



i^.^. „,+...+„»=„' ?6' •••^ 5o'-"«^ 



1 



n 



n 



i 



\%« 



• n (*)*■■■ n (*)*■ 

After these expansions are done, in order to complete the computation of 
Snfre,m Qn (f4) > we are left with the task of computing the integrals: 

n wo*- n (c?.)^*/. 

To this aim, we simply apply the elementary lemma on page [T8l and this then 
yields to us the desired value: 



L 



c o+-+ c ii+ + c o + 



n wo*- n (--)' 

-1-C T »— ± Q^s^r 1 



rl! 



il 



7"! ... n n „l 



(9o + ■ ■ ■ + «ri + + C + • • • + ^n + (1 + r 1 ) + • • • + (1 + r") - 1) 



<#■■•<&! 



tfl ■••<#.! 



+ + < + n«-2^-l)! 



(«i 



^•••<£i! 



90 ! • • • 9r" 



((«+l)n-l)! 
since g^ + • • • + g^ = a ■ and since a[ + • • • + a' n 



n(n+l) 
2 - 
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Resuming what has been done, we therefore get: 

s&^M)=m^ 1 )"- 1 . n 3^r- n 






^-^ 2—i o 1 . . . n 1 (7 n • • • o n 

n - n - 

oitn {s 1 + viy l1 o^4r- (* n + fi + • • • + ^)" s " 

((« + l)n-l)! + 

+ 0„, K (m( K+1 )™- 2 ). 



The products of the factorials of the q l t disappear and a reorganization gives: 



a l>—' a n(..l\ 



•Jn,K,m ^p 



((«+]>-!)! 



n it^t n 



i , s +Mi „^ 7- 8" + /i H H/i 

1a + ---+1 1 T l= a 'l lS+---+l"n.=a'„ 



\9a" 



n i n l_ 

+ 0„, K (m(«+ 1 )- 2 ). 



Symbolically, instead of: 



11 c l i „1 11 e 2 , ,,2 , ,,2 11 



oJi- sl + ^ oil* * 2 + ^ + ^ oi4» s " + ^ + • • ■ + ^ ' 

we shall write without any risk of ambiguity: 



lA (« + /"!)•• • (Ml + /"?) (« + /Ci" + • • • + Mi" 1 ) • • • (n + {n - 1) + • • • + 1) 
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the dots in the denominators meaning that one takes the product of all integers, 
decreasingly, that are extant between the two written extremal integers. In con- 
clusion, we have established that: 



(24) 



E 


(4(YT)- 


-^a(YT)) ai . 


■•(4 


-i(YT) 


-^(YT))"'- 


1 (^(YD) a - = 


YT semi-stand 
weight(YT) = r 


ird 
















™(k+1))i-1 

" ((« + l)n-l)! 

A 1 


E 

ev„, 


AT*! 

Ml 




M? 


m| 






i (« 


4-Ml)--- 


01 + m!) 












Mi i— 


i — iMnll'" 
("S-l>Mn 






(« 


+ Pn-1 


H 


+M?- 1 ) 


• • ■ (ms + ac 


-1 + - 


•• + M r i l ) 


a x \ ■ ■ ■ a 








E 












il +•••+< 


i= Q i 


«o+' 


■+9? n 


— a^ 








(n 


1 


ii 


n 


„ (* 


1 + Mi + 


i 

+ o„ 


K (™ ( 


0+ 

«+l)n— 2\ 



where we recall for completeness that t 1 = k + J2l=i (A 1 ~~ E!=i lA f° r con " 
venient abbreviation. 
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Summary. Thus, we are left with the task of computing or of maj orating, for 

any a[, . . . , a' n with a[ + ■ ■ 



a l = H^±H, sumS ; 



/x?6V„, re 






k-.-Mi (k + Mi)---(mI+Mi) 

u" _1 ,...,/i™3:J,re 



A". 



Mi.---,M„_iiM„ 



(« + /<:J + ■ • • + //r 1 ) • ■ ■ (ms + K-i + ■ • ■ + Mi ) 

E E 

1 TT 1 



a ' I . . . a ' ! . 



n 



n 



O^Ti (s 1 + Ml)" 31 0<.»<r» (* n + Ml + ' ' ' + Mn-1 + AC) 

in which the weight m has completely disappeared, while only the dimension n 
and the jet order k remain present. 

At first, we would like to remind from the two theorems on p. [31] and on 
p. [37] that the basic numerical sums Yl M ■ £ a we must compute were in fact 
born when a,\ + • • • + a n is maximal equal to n i n+1 ) , after rewriting in terms of 
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l\ — lii ■ ■ ■ i 4i-i — ^n and £ n expressions of the form: 

n &-^ 

that are multiple of the product of the £j — £j with /?i H \- (3 n — n. Each £, — £, 

then writes as ii — f j+i + ■ ■ ■ + lj-\ — ij with no £ n at all, and it follows that after 
the rewriting, the exponent a' n of £ n is at most equal to n: 

(25) 

' l l ' ' ' e n-l c n 



n &-4; 



^ Constant n ■ 



E 



(<1 - «"'' • ■ ■ (4-1 - InT-'C"- 



«1+-+<_1 + Q n = 



/ _rt(n+l) 



Thus, the sums D^s"''"" we consider are such that a' x + ■ ■ ■ + a' n = " (n 2 +1) and 
< ^ n. 

Logarithmic equivalents. Next, we observe that for any integer a' ^ 1, as soon 
as r ^ a', one has: 



E 



<?oH Yq.T=a 



(k)io ■■■ (k + r)' 



7 = — [ log(fc + 7") - log(fc)] a + Q , ( [ log(fc + r) - log(fc)] 



a'-l\ 



<Y ! 



If r ^ a' — 1, this sum is smaller than the written power of a difference between 
two logarithms. Since our goal now will be to establish only an inequality of the 
form: 



(26) 



□«!:•••,<*„ <; Constantn ■ (log«;) a " 



in which no particular knowledge about the Constant n will be required, again 



with a[ H h a' n — 2 + and with a! n ^ n, it will even suffice to observe that 

a' a' 

the last two lines in the definition of LJ n fre ""' " enjoy a majoration of the sort: 

1 



a' 1 \a' 2 l---a' n <- 



E E 



e n 



n 



ll+---+lll= a 'l 9oH l-^2= Q i So+-"+9"»= a n O^s 1 ^ 1 \ s +/ i l) 

1 -n- 1 



i\ q U 



n 



$: 



^ Constant,, • [ log(«) - logGuJ)] Ql [ tog(« + /i}) - log(^ + fi)] a ? . . . 
•••[log( K + ^:J + -.-+ Ai r 1 )-log(n+... + 2 + l)] Q ". 
Consequently, we are left with establishing the following proposition. 



Proposition. Let a[, . . . , a' n G N with a[ + 
Then for k ^ n, one has the majoration: 



<X 



n(n+l) 



an J wzY/? al ^ n. 
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/i?eV„, K 



n 


MI M1.M2 







(« + A*"=i + • • • + M?" 1 ) • • • (A*S + tfj-l + • • + Ml) 

[ io g («) - iog( Ml )] al [ iog(* + Mi) - logo*! + Mr )] a ' 2 • • • 

• • • [log(« + fd\ + ■■■ + /iT 1 ) - log(n + • • • + 2 + 1)] Q » < 
^ Constant^ ■ (log/c) a ™. 



Tight paths. According to the proposition on p. [55] and to the definition made 
on p. [59l the integer JV\ denotes the number of tight paths from the column fj,\ 
to the column k, hence it is equal to 1. When the dimension n is equal to 2, one 
may show that: 

N li\,K _ (w+MJ)! (/c+MJ-4)! 

iV l,2 («-3)!(/xl-l)! («-l)l(A»i-3)I- 

1 2 2 

In higher dimensions, the exact computation of the numbers iV^ 1 '",, N tJ, i' fl g' K ' 3 , 

b ' F MI,M2 Mr.M2'M3 

. . . may certainly be done and it involves only differences of multinomial coeffi- 
cients, but very many cases are to be considered according to certain inequalities 
between the [i\ . However, after some explorations, it appears that in order to get 
the majoration claimed by the proposition, it suffices to majorate these numbers 
uniformly as follows. 

i-l i-l 

Majoration of the tight path numbers N ] '"'■ "V • By definition, 

i-l i-l 

N f '"'■ ! ~Y counts the number of strictly increasing tight paths from the 

, r „• ,■ ;.-\ transposed . , r ,-_i ,_i -i transposed 

column \jjl\ ■ ■ ■ \x\_ x \x\\ to the column \jx\ ■ ■ ■ fi i _ 1 k\ 

in the i-dimensional lattice N* with the supplementary constraint that at 
each point J7{(V) ■ ■ • jl_i(s l ) 7i( sJ )] ransp0t of the path, the inequalities 
7i(V) < ••• < 7*_ 1 (V) < 7i(s 4 ) (strict increase inside columns, downward) 
must be satisfied. 

If we relax this last constraint, there are clearly more paths. But the number 
of strictly increasing paths in a complete lattice is elementarily computed. Thus 
we deduce that: 

pri^r 1 ,-,h\z\,k < (/4~ 1 -/4+---+/Ci-^-i+ k -a4) ! 

Removal of a' n . On the other hand, for any choice of fJ%Z\, • • • , /^i -1 as in the 
proposition on p.|55l the last difference between logarithms: 

[log(« + nt\ + ■■■ + /ii" 1 ) - log(n + • • • + 2 + l)f" 
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enjoys, when k ^> n, a doubly controlling inequality of the form: 

-L[log(/<)]< < [log( K+At «:i+...+ At «- 1 )-log(n+---+2+l)] Q; < C n -[log( K )]< 

where the constant C n > 1 can be chosen arbitrarily close to 1 provided that 
k ^ Kc n 3> n is large enough. Consequently, in order to establish the inequality 
boxed on p. |6H it suffices now to establish the following concrete proposition, in 
which a' n = 0. 

Proposition. Let a[, . . . , a' n _ x G N with a[ + h a' n _ l = "^ ' and assume 

K ^ n. Then the following sum is bounded independently of n: 

A al,...,<C 1 ,0 __ >T^ , ,v n (^i-i)! (M^-Mg+«-Ml)l (m!+M?-1)! 

ZAn '" — Z^ ^ -i id " M-^)!( K -^)! («+/4)! ' 



(m?-/j?) ! (a«2-/^)!(k-/4)! (k+^+Mi) 1 



' (Mr _1 -^)!-(^:i-^-i)!(«-MS)! («+/Ci+-+/^~ 1 )i ' 



[log(«) - log(/ii)] Ql • [log(« + n\) - log(/^ + nl) 
[ log(« + M2 + 0?) - log(/4 + A*| + A*?)] ^ • • • 

[io g (« + /C2 + • • • + /^r 2 ) - io g «:l + ACa + • • • + a*?- 1 )]*- 1 < 



< Constant, 



§10. Bounded behavior of plurilogarithmic sums 

Simplifying the kernel. To begin with, disregarding the logarithmic factors, or 

equivalently, considering that a[ = a' 2 = a' 3 = ■ ■ ■ = a' n _ ± = 0, we observe that 
the rational factor simplifies a bit (a factorial k\ disappears) and can be majorated 
as follows: 

«*>l«-J «^ • 1 -^- ■ 553^51 {K -4y. ( K+M i)! 

(Mi-M?+m1-m1+k-^|)! (/j§+^|+/jf-l)! 
' (/^-m?)!(m2-M2)!(k-/4) ! (k+M2+Mi) ! 

/ n, — 2 n — 1 - 1 n — -2 ra — 1, ra — 1 \ 1 / Ti — li n — 1. 1 n — 1 1 \ 1 

(Ml -Ml j l-Mn-2-Mn-2 + K ~^r»-l) ! (M„ - 1 +M„ _ 2 j I^Ml - 1 )' 

(m" _1 -H l-M"Zi -(n-l)H-re-n)! (,i+(„-l) + --- + l-l)! 

(Mr^l)! ■■■ (M"Ii-("-l))! («-")U {K+nT-\ + ---+nr 1 Y~ c ^ 

^ Constant,, • (k!)™- 2 • (/^ - 1)! • fa^+pM i^+A^}l . . . 
y ' va*i ; (m}-Mi)!(k-m2) ! («+Mi)! 

(mJ-M'i+M2-M2+ k -M3) ! (M3+M2+M1-I)! 
(M?-m!)! (mI-M^)I («-M|)! (k+m|+M?)! 
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(/J™ 2 -/j" 1 -\ ^f J -n-2~~^n-2 + K ~^n 


:*)' 




i^+.-.+Mr -1 -!)! 


1 


:=i)' 


:S+-+/*?- i, )i 


(pr 1 ^)!-K:;-(«-i))! 

k,{k — 1)--- (k. — n+1) 




(k+/x^Jh h^i -1 )"' (K'+ACljH hA*i 


-i 


»i„+u +1) , 





since the two pairs of terms underlined with (a) and © appended can be put at 
the end and simplified, while the pair of terms with (b) appended, equal to the 
factorial ( % — 1)!, may be considered as just a Constant^. But now, the last 
line is controlled as follows: 

n(n-l) K( W -l)-( W -n+l) < r K -^=^ 

for some constant C n > 1 . Consequently, we are reduced to the following propo- 
sition. 

Proposition. Let a>[, . . . , ot' n _ 1 e N with a[ + ■ • • + a4_i = n ^ ' and assume 
K ^ n. Then the following sum is bounded independently of k: 



(//j-/xf+/c-/x|)! (^|+^-l)! (^-Mf+At|-M|+«-M§)! Qx|+M|+Mf-1)! 



(^-"-lJl-Kli-Cn-l))! 

• [ log(«) - log(Ati)] a[ ■ [ log(« + //}) - log(/^ + ^ 

• [ log(« + $ + //?) - log(^ + ^ + ^3)] <4 . . . 

• • • [log(K + ACa + • • • + A 4 !" 2 ) - M/Ci + ACa + ■ ■ • + A^ 1 )] "" 1 < 
^ Constant„. 

Here, the summation XL*ev K holds for /ij satisfying the two collections of 
inequalities (I2TT) and (1221) . and we may expand it symbolically using two symbols 
£ in order to notify well these two conditions: 

£ = £ E 

Ki4<i4<i4< k Ml^-^r 2 ^" 1 

i^ 71 — 1 - 71 — 1 ,, 71 — 1 , ^ 71 — 1 - 71 — 1 - 

l<Mi <M 2 <M 3 <-<AV-2<M„_i<« 

In dimension n — 2, the sum writes: 

^>)= £ ^ • fri - i)L • 7tt\t • [iog(«) - iog(^)rs 

Kmi<« — -° 
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and is seen to be an approximation of the Riemann integral: 

Jo 
which is finite. In dimensions n = 3 and n = 4, the sum writes: 

1,2 ^ ,fc K (m}-M?)!(«-mI)! (« + /!})! 



l</i2 <fl 2 <K 



• [logK-log^}]" 1 [l0g(K + M J)-l0g(/i2+ M 2)] Q ^ 



Ox? -1)! 0x2-2)! 
and: 

K -i.^^ = S ,1: 3 rf • ^ • (* - *>' • Ox] -„?)!(« -Mi)! (« + Mi)! 



l^/i 1 </i2<« 
l^/il<M2<M|<K 



When n = 3, we have: 



(Mi ~ Mi + MJ - MJ + « - MJ)j (MJ + M2 + Mi - 1)! 

' (ni - fly b4 - 14)\ (« - m!)! + m! + Mi)' 
i 

*(^-l)!(^-2)!(^-3)!' 

• [ log k - log fil] a>1 [ log(« + Mi) - log(M2 + Mi)] ^ 

• [ Iog(K + ix\ + m?) - log(M3 + M2 + Mi)] "" ■ 

K— 1 / K— 1 



E E-E E E 



isSm}<« m!>m? m?=i m|=m? + i Mi=Mi 



When «j = «2 = 0, the first summation E^u 2 disregarding the E gives: 

V , ( i_iv (m}-M? + «-m!)! (MJ+MJ-1)! 1 

f- 2 "^ J - , (Ml-M?)!(^-Ml)! (k + m{)! '(m?-1)!(m|-2)! 

(«-l)!(2«- M f - M l)! ( M f+ M | -!)!«! ^ (fc), (2fc + 1 - m| - /xpi 
lC J (2k)! (« - Ml)! (« ~ M?)! (/*? - 1)! (mI - 2)! ^ (2« + 1), (« - M ? + 1) ' 

where (j) L :— j(J + 1) • • ■ (J + I — 1) = ^' + -7 . The sum being positive, the 
absolute value of the second negative term is necessarily < (c — 1). But then: 



K— 1 / K— 1 



is clearly bounded independently of k. So Kq (k) ^ Constant 3 in any case, and 



so on. 
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Indirect majorations. Looking back at the Euler-Poincare characteristic, in the 
summation formula: 

X(X, Gr'Ol) = £ M h/2! ... /n ■ X ((X, y^-M T * x ), 

the coefficients of each Chern monomial c^c^ 2 ■ ■ ■ c^ n must identify. In the 
Euler-Poincare characteristic of the Schur bundle, the coefficient of c" is, up to a 
rational factor: 



n &-4) e 

l<i<Kn /3i+---+/3 n _i+/3„=n 



)Pl pPn-lpPn 

1 *-n— 1 c n 



We then rewrite: 

Pi+-+0 n -i+p n =n 0i+~+P' n -i+P'n 

with coefficients C^,...,^,/?; G N. Notice that C ,...,o,n = ( n+ ^ _1 )- Identifying 
then the coefficients of c": 



E 


n <*- 


" ^) • (*»)" = 


= ( r^-i).l'2!-("-l)!(log«)" + 


YT semi -standard 
w e ight(YT) = 7^ 


l<i<j<ra 




+ O n (m^ +1 >' 1 • (logK)"" 1 ) + 0„ iK (m( K+1 )"- 2 ). 



The power (£ n ) n of £ n corresponds to (log n) n . 

Similarly, in dimension n = 2, looking at the coefficient of C2 and making 
identification, one gets: 

so one deduces without computation that the sum: 



Mi JV 1,2 

k-Mi («+A«i)-(2+l) 



E (^ 2 ^ (K J;L +1) [iog^-iog^] 3 



is finite and bounded independently of «. In dimensions n = 3 and higher, 
looking at the coefficient of c n , one sees indirectly, without computations and 

a' a' 

without majorations that all the sums D n ,« "' n ~ ' which appear after expressing: 



n e 



^1 . . . Z 3 ™- 1 

-1 <-n-l 



in terms of (£\ — £2), ■ ■ ■ , (A1-1 — 4i), ^n are finite. This suffices for our purposes. 
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Summary. In conclusion, either directly or indirectly by identification 
without computations and without majorations, we have seen that for any 

a[, . . . , ct4_i, oc' n E N with a[ + ■ ■ ■ + a' n _ x + a' n ^ n ( n + 1 ) ; ^g quantity 

A ni «'"' " _1 ' is ^ Constant^, whence Dn^'"'"™ is ^ Constant n • (log/t) Q ™, and 
from (l24l) . it follows at the end that: 



X! ( £ i( YT ) - ^(YT))"' 1 • • ■ (4-i(YT) - ^(YT))"'"- 1 < 



(27) 



YT semi —standard 
weight(YT) = m 



™(re+l)n— 1 

< 77— T-n TTT7 nn ' Constant,, + Constant,,,* • m^ +1 ^ 1 - 2 . 

{{K + 1)11 — lj! (k!)™ 

§11. Algebraic sheaf theory and Schur bundles 

Complex projective hypersurface and line bundles &x{k). Let X = X n c 
P n+1 (C) be a geometrically smooth complex projective hypersurface of degree 
d ^ 1, defined in homogeneous coordinates z = [zq\ Z\\ ■ ■ ■ : z n : z n+ i] as the 
zero-set: 

X = {[z : z x : ■■■:z n : z n+1 ] E P" +1 (C) : P(z , *i, • • • , z„, z„+i) = 0} 

of a certain holomorphic polynomial P = P(z) E C[z , Zi, . . . , z n , z n+ i] which 
is homogeneous of a certain degree d ^ 1 and whose differential P Zo dzo + • • • + 
P Zn+1 dz n+ i does not vanish at any point of X, so that X has no singularities. We 
will sometimes use the letter iV to denote n + 1: 

_ T notation 

iV = n+1. 

The tautological line bundle over P^ will be denoted by ^n(— 1) and its dual 

by ^piv(l) := €? P iv( — 1)*. For various values of the integer k E Z, the standard 
line bundles: 

^(A;) := ^ P iv(±l)® |fc| , 

where ± = sign(A;), will play a very decisive role in what follows, as well as 
their restrictions to X, namely the bundles: 

ff x {k) := ff ¥N {k)\ x . 

Canonical line bundles. For any F N , the (line) bundle of holomorphic differ- 
ential forms of maximal degree N on P^: 

k ¥ n = a n t; n ~ r *(-N - 1), 

is known, thanks to the adjunction formula, to be isomorphic to ^ v n(—N — 1). 
Similarly, the (line) bundle of holomorphic differential forms of maximal degree 
n on X: 

K x " ot M°"A n T* x ^{? x (d-n-2) 

called the canonical bundle of X and central in complex algebraic geometry, is 
known, again thanks to the adjunction formula, to be isomorphic to @x(d — n — 

2). 
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Normal exact sequence. To begin with, one has the so-called normal exact 
sequence: 

(28) o — > £W(-d) '-H ^ P n + i(0) ^H X (O) — » 0. 

Here, the inclusion /7ic/ is defined by multiplication with the defining polyno- 
mial P(zoj • • • , z n +i) fo r AT, and the restriction resf, of course from P n+1 to X, 
concerns functions, differential forms, bundles and sheaves. 

General sheaves of differential forms. Let r be an integer with ^ r < n + 1 
and consider the bundle A r T x of differential forms of degree r on X, with the 
convention that: 

. n .- collapse _ . . 

(29) A°T X = @ x (0). 

The functor & \ — > JP ® £f is right exact, for any sheaf Sf , and is furthermore 
also left exact when £f is locally free (in what follows, only such sheaves will 
be considered). Here at any point z e X, the bundle A k T x is, for any k with 
^ k ^ n, a free ^x,2-module of rank (™) , hence by tensoring the above normal 
exact sequence, we obtain the following exact sequence: 

— ► A fc Tp„+i <8> ^pn+i(-d) — ► A k Tp n+1 <g> ^pn+i(0) — ► 

-)• A fe T P *„+i <8> ^x(O) — > 0. 

Hook lengths of Young diagrams. More generally, let r ^ 1 be any nonnega- 
tive integer and let: 

be an arbitrary partition of r in at most n parts, namely the sum: 

£i + £ 2 + --- + L = r 
equals r, and the parts li are ordered decreasingly: 

k > h > ■ ■ ■ > L > o. 

Let d\, d 2 , ■ ■ ■ , de 1 denote the column lengths of the diagram consisting of l\ 

blank squares above £ 2 blank squares, . . . , above £ n blank squares. 

With a bit more precisions, we hence can denote our arbitrary partition as: 

\i) = (£ 1 ,e 2 ,...,e dl ,o,...,o) 

and as in Section 4, we will denote by: 

YD W = YD(^ 2i ... Ajii o,...,o) 

the associated Young diagram. The hook-length hi t j of the diagram at the square 
of coordinates (i,j) is equal to: 

hij : = h - j + dj -i + 1. 
A preliminary combinatorial fact, useful soon, is as follows. 
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Theorem. ( ||T9| ) The number of ways to fill in the r blank cases of the diagram 
Y^(ti,...jn) J us * with the first r nonnegative integers 1, 2, 3, . . . , r in such a way 
that the appearing integers do increase (strictly) along each row and do also 
increase (strictly) along each column is equal to the integer: 






Tx x) °f me r ~ m tensor bundle (T x ) over 
a point x E X, the full linear group GL n (C) 3 w acts in a natural way: 

w • v* h g) v * <g> ■ • ■ <S> v* r := w(f* i ) (g> w(f* 2 ) ® • • ■ <S) w(i>* ), 

if by (y*, «2, • • • , ^n) one denotes any fixed basis of T Xx . Since the works of 
Schur?? at the end of the 19 th , it is known (see |[T9l ) how one may decompose 
this action into irreducible (nondecomposable) representations which generate 
the Schur bundles ydA'-A)^ that were already considered in Section 4. Let 
us provide more information here. 

A Young tableau YT 12 ,..., r is a filling of a given Young diagram YD^...^) 
having r — l\ + ■ — h £ n blank boxes precisely by means of the first r positive 
integers 1, 2, . . . , r. Notice passim that only a special kind of Young tableaux 
was considered in the theorem above, namely those which enjoy strict increase 
both along lines and columns, and such combinatorial objects are usually called 
standard Young tableaux. 

Idempotents in the group algebra of permutations. Introduce also the group 
algebra Q ■ & r over the permutation group: 

e r = Perm({l,2,...,r}), 

whose general element is a typical sum Eo-ee c<7 ' ° navm § arbitrary rational 
coefficients c CT G Q, the addition: 

E^e, c«-(r + E CTee ,. d a -a=J2 ( c - + d °) ' a 

being obvious and the "multiplication": 

(E CT ' G 6 r c °' • °) ° (E<r» e e r c °" ■ °") = Yl Yl c °' c °" ' °' ° a " 

corresponding naturally to the composition a' o a" of permutations. For a given 
Young tableau YTx r which shall also be denoted shortly by T, one introduces 
the following element: 

(30) <*:= 3? ■(£>(«> •«)<■(£*) 
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of the group algebra Q • & r , where Qj denotes the set of permutations that pre- 
serve the numbers present in each column of T, and where similarly P T denotes 
the set of permutations that preserve the numbers present in each row of T. 

Theorem. ( |[T9lO This element ej is an idempotent: 

e T oe T = e T , 

and the identity permutation Id G Q ■ & r decomposes as the sum of all such 
idempotents: 

id = Yl e T. 

T— Young tableau 

Card(T) = r 

Canonical decomposition of tensor powers of the cotangent bundle. The 

symmetric group & r and therefore also the group algebra Q • & r , act on (T£) 
just by permuting the spots inside the tensor product: 

cr ■ V\ <g> v 2 <E> ■ ■ • ® v r := tv-i(i) <g> f CT -i(2) ® ■ • • ® v ff ~i( r ). 

The identity decomposition (|30l ) then yields at any point x G X the direct sum 
decomposition of the r-th tensor power of the cotangent space: 

i T xT= =* T T* XJB with y J T^ x := e T ■ (T^ x f r . 

T— Young tableau 

Card(T) = r 

This generalizes the simple well known case r = 2: 

(T XjX )® 2 = A 2 T* XtX ®Sym 2 T* XtX . 

Theorem. For any Young Tableau T, a basis of S^ T T Xx as a C-vector space is 
constituted of all vectors of the form: 

e T (v h ®v i2 ® •■•®Vi T ), 

for any choice of integers 11,12, . . . ,i r G {1, . . . , n) having the property that 
the filling of the blank boxes of the underlying Young diagram with the integers 
ii, . . . , %n x in the first line, then with the integers ii 1+ i, . . . , ie!+e 2 i n tne second 
line, and so on, provides at the end a semi-standard Young tableau, in the sense 
that integers are always nondecreasing when read in each row from left to right, 
and are always increasing (strictly) when read in each column from top to bot- 
tom. 

It turns out (OS El [111 031 iMl) that, if two arbitrary Young tableaux T and T 
correspond to the same Young diagram, i.e. to the same partition, then 5^ J T X x 

and y T T Xx are isomorphic. Moreover, for any T, the linear action of GL n (C) 
being compatible with the changes of chart on X and on T x , one may show that 
the various fibers rY T T x x organize coherently as a holomorphic bundle over X. 
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In conclusion, a fundamental Schur bundle decomposition theorem holds which 
gives the complete generalization of, say: 

(T* x ) m = ^(2,o,-,o)r* e ^(i,i,o,..,o) T ^ 

provided X is of dimension ^ 3; the last factor is dropped when dimX = 2. 

Theorem. For any integer r ^ 1, f/ze r-?/z tensor power of the cotangent bundle 
T x o/an arbitrary n- dimensional complex manifold X splits up as a direct sum 
of so-called Schur bundles: 



( T *\®r = £T\ fy(ti,t2,-,e n ) T *\ 



®v{€) 



e 1 +e 2 +---+ i n=r 



indexed by all the partitions (£) of r. The rank of ' e y(^i>---A)j^ as a complex 
vector bundle equals: 



rank(^ (€lA - 


.A) T1)= JJ 




l^i<j^n 


and the integer multiplicities: 


T ! 

7 ( 




{e) ~ T7 fc- • 



appearing in the decomposition are expressible in terms of the hook lengths h it j 
of the concerned Young diagram YD^^...^), 

Dividing by X^« O ur main goal will now be to control the cohomology of the 
^>(£i,...,£ n )rp*_ by a f ormu i a which will complement the inequality of the theorem 
on p. [37l in the case where £ n is large (whence all the t\ are so too). It is then 
natural to use the known formula: 

y(h,..M T *, ®k x = y^<-^T x <g> yi^-^Tx = yih+i,-U+i) T * x 
under the subtraction form: 

&>(£l,...,ln-l,£n)'T'* _ ^>(h-tn,,--;£n-l-in,0)rri* g. t ts \®in 

= s eVi-t n ,...4 n ~i-i n ,o) 7 » q x (i n (d _ n _ 2)), 

which underlines twisting by a certain (?x(p). On the occasion, it is known 
thanks to analytical tools (cf. Section 6 in lfT2lO that if £ is any holomorphic 
vector bundle on the hypersurface X C P n+1 (C) and if Jz? is an ample (or even 
nef) line bundle on X, then: 

dimH q (X, £®^® k ) =0(k n - q ), 

for any q = 0, 1, 2, . . . , n. Using purely algebraic tools, what we will do now 
is to make this estimate much more effective in the case we are interested in, 
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namely when S = y( £ i-^,-,in-i-in,o)j^*_ an( j w hen Jz? = GxiX) on a general 
type hypersurface X C P n+1 ; in this case, X is of degree d ^ n + 3, whence: 

K x = Gx{d - n - 2) = ^ x (l)^- n " 2 ) 

is ample of course, so that the exponent k := £ n (d — n — 2) in: 

(Kx) 1 " = (0 x (l))® {i " (d ~ n ~ 2)) = ^9(tn(d-n-2)) 

is positive and in fact large. However, the Landau-type estimate "0" above pro- 
vided by analytic techniques is not precise enough and we need instead explicit 
inequalities. To achieve more effective estimates, three fundamental exact se- 
quences of holomorphic vector bundles due to Lascoux ( ||23l0 and to Briickmann 
(0) will be very helpful. Thus our goal is to study the cohomology of the twisted 
Schur bundles: 

when t is large. 

First fundamental (long) exact sequence. Dualizing the Euler exact sequence: 

► ^pn + l(0) ► ^ P n + l(l)® (n+2) y T F n + l > 0, 

we get as a starter the exact sequence: 

o — ► t;„+i --)• ^ P n + i(-i)®( n+2 ) — > £W(o) -- ► o. 

The procedure explained by Briickmann in [0 of taking the r-th tensor power of 
the extracted complex composed of the last two bundles: 

> "^ "^ ^ P n + l(-l)® (n+2) --> ^pn + l(0) —> 

and more generally, of taking any of its Schur powers, provides a useful long 
exact sequence of holomorphic vector bundles which gives a free resolution of 
y(4,..A.A+i)y» i+i on p«+i. instead of using the same letter y for Schur bun- 
dles over P n+1 and over X, we shall, in order to underline a clearly visible dis- 
tinction between P n+1 and X, write: 

Cfi(£u...,ln,£n+l) T * n °= i0n ni^-Mn+l) 
tS -t pn + 1 i4 pn+l ) 

using the Greek letteo ^ with 'P n+1 ' placed at the lower index place. 

Let now T be a Young tableau with r boxes and with row lengths i. x ^ £ 2 ^ 
■ • • ^ C+i ^ 0, hence of depth ^ n + 1. For convenient abbreviation, we 
introduce the general notation: 

A(9 1 ,9 2 ,...,9 K ):= 11 (9,-9,) 

l^i<j^K 



Justification: in several articles, the letter Q is employed to denote the bundles Q k or 

X' 



Q k Tx, < k < n, that we denoted by A k Tt above 
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which is, up to sign, the value: 

i 0i el ■ 



1 6 2 6 2 



K-\ 
1 

A 

2 



01 



1 0V 0i ••• ^f" 1 



-i)— *— A(e 1 ,e 2 ,...,e K ) 



7 K U K - ■ ■ u x 

of a corresponding Van der Monde determinant. 

Theorem. (O) Let d\ = depth(T) be the depth of J, which is ^ n + 1, to 
r = ^! + • • • + £ dl be the number of boxes of J, set: 

U := r + £i - i 

for alii = 1, 2, . . . , n + 1, n + 2 vvzY/z of course: 

tdi+i = r - &\ - 1, , t„+i = r - n - 1, t n+2 = r - n - 2, 

and define the rational number: 

^0 := i!2!-n!(n+l)! ' M* 1 ' ' " ' 'Wl.WJ' 

together with, for any s = 1,2, . . . ,d\, the rational numbers: 

/ , A(ti,t2, . . . , tij — 1, . . . , tj s — 1, . . . ,t n+ i,t n+ 2). 



l!2!-n!(n+l)! 



l<ii<-<i s <d 



77?en ?/zere w a /ong exacf sequence of holomorphic vector bundles over P n+1 of 
the form: 



n , O (^i,...,^ 1 ,o,...,o) 



e 

6o 



wi+1 — r 



0^ P , + i(-r + l) 

6d! 



Then tensoring by ^pn+i (£) with an arbitrary t E Z, we get the useful: 



(31) 

n r) (/i,...Ai 1 ,o,...,o) 

U T iijpn + l 



pn + 1 



(*) — >"0^p»+i(* 
6o 



— r 



0^pn+l(t 



r + r 



In 



6 dl 



Second fundamental (short) exact sequence. Because any Schur bundle 

^pn+i ' "' " over P n+1 is, according to what precedes, a locally free sheaf of 
<??pn+i -modules of finite rank rii<i<j<n+i { J ^f + l)' a tensorisation of the 



0. 
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normal exact sequence ( |28l ) on p. |7T] yields the general short exact sequence 
(61133): 

o — ► 4i 1 ;;- AA+l) ® <W(-d) -- ► n£;T A ' € " +l) ® ^ + i(o) -- ► 

-► ^;t a '^ +i) ® <? x (0) -- ► o. 

Tensoring in addition again by ^pn+i(t) where f 6 Zis arbitrary, knowing 
^x(O) (8) &pn+i(t) = &x(t), we deduce the general form of this (second, short) 
exact sequence that will be useful below: 

o — ► n^r £n ' ln+l) ® ^p»+i(< - d) -- ► 4V^ n+l) ® *W(t) -- ► 

Here, we make the convention similar to (|29l ) on p. [7T| that when all the li are 
zero, fipj+i ' ' identifies to £? P n+i(0), whence in this case the written exact se- 
quence reduces just to (|28l) on p. [7T1 tensored of course by ^ P n+i (t) . 

Third fundamental exact sequence. Lastly, starting from the cotangential nor- 
mal exact sequence: 

(33) o — > & x {-d) -- > r; n+l \ x --> T x — ► 0, 

(recall that Tp n+1 |x = Tp, l+1 <g> <?x(0)), Briickmann established that the Schur 
power of the extracted complex: 

— ► ^x(-rf) — > T P *„ + i <8> ^x(O) — ► — ► — ► • • ■ 

provides a free resolution of S fi ™ 1 ''" ,tn 'T x (Theorem 3 in H) which may be 
written in great details as follows when £ n ^ 1: 

— ► Qg£M»-fr,...M 9 ff x{ - nd) __>... 

Si~\ \-Sn=n 

S { = or 1 



*1+— +«„ = *> 
4,- = or 1 



► n { ^+/ n,0) ® ^x(o) — ► y^-^T* x — ► o. 

Notice that the last upper entry £ n+1 of each Q is zero. Of course, the direct sum 
for the first entry reduces just to the single term: 

In full generality, if d\ denotes the depth of the considered Young diagram, hence 
if one has t x ^ • • • > £ dl ^ 1 but = l^+i = ■ ■ • = 4i = C+i> the locally free 
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resolution of y(tu-Jd 1 ,o,...,o) T * reads ^y 



_> ^ ;7 ^A...A0)-(, 1 ,., 5dl ,0,..A0) ^ ^ ( _ rfid) 



& = or 1 



<:;7^ A --- A0, - (dl '--^' - A %^(-^) 



S4 = or 1 



► ^ ;7 v°.-..ao) ® ^x(o) — ► y(^-A"> rl _^ o, 

hence it just looks like a truncation of the preceding resolution valid when d\ 

n. Tensoring this by 0x(t), we finally get what will be useful below: 

(34) 

_> n J : , ; A,o,..,o,o)-(4,A,o,,o,o) ^ x{t _ did) _^ , 



Si+--+S dl =di 
«„■ = or 1 



(W dl A..,o,o)-( 5l ,,. dl ,o,.AO) ^ 0x{i _ M) 



s 1 +-+s dl =h 

Si = or 1 



Cohomology of Schur bundles over P n+1 . In I0 too, using the first exact se- 
quence above plus further arguments, Briickmann established the following the- 
orem which computes completely the dimensions of all the cohomology groups 
of twisted Schur bundles over P n+1 . As above, for fixed n + 1 ^ 2 and for fixed 
<L\ ^ • • • ^ £ n ^ £ n+ i ^ 0, we introduce the integers: 

U := ti -l + Yli=l ^i (i = l-n, n + 1), 

which, visibly, are ordered decreasingly: 

t\ > £2 > • • • > t n > t n+ \. 

Theorem. (Q) For any t G Z, f/ze Euler-Poincare characteristic of 
fi gW„,*„+i) ^ ^> pn+1 ( t ) j 5 eawa / to; 

xw :=x(p w+i , ofc;- A/ - +i) ^^ +1 (t)) = 1!2 ,.. n i !(n+1) , n (**-^0 nc*-* 

whence it vanishes for t equal to each one of the U. Furthermore, as t varies in 
Z, at most one of the cohomology dimensions: 

h q (t) := dim#«(P n+1 , {ft-; AA+l) (8) <?r»+i(t)) 

may oe nonzero, and more precisely, h q {t) is nonzero and equal to (— l) q x(t) if 
and only ift q+ i + 1 ^ t ^ t q — 1, wm7e ?/?e ctf/ier /i 9 (£) Jo vanish for all t in the 
same range. In particular, for all: 

05) t^i+Eri 1 ^ 
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all the positive cohomology dimensions vanish: 

= dimi? ? (P n+1 , n { ^r en/n+l) <g> ^ pn+ i(t)) ( 9 =i, 2-n). 

Applications. For an application to the study of the cohomology of Schur bun- 
dles over X n C P n+1 , we shall apply the above theorems specifically to the 
Young diagrams YD(^ ^ ) of depth d\ < n = dimX, with 4+i = in order 
to gain the following complement to the theorem on p. |37l 

Theorem. Let X = X n C P n+1 (C) be a geometrically smooth projective alge- 
braic complex hypersurface of general type, i.e. of degree d ^ n + 3, and let 

£=(£ l ,..., 4-i, 4) with h>---> 4-i > 4 > 1. //■• 

4 ^ m(^ - 1) + 4 - 4 + ELi (4 - 4)}, 

r/zen a// ?/ze positive cohomologies vanish: 

= # 9 (X, y(^.-A-lA)^) (g = l, 2-n). 

Proof As anticipated above, after division by (KxY", we are lead back to ex- 
amining the cohomology of: 

y(ii-in,..£>-i-t»,o)T*. g, ^ x (4(rf _ n _ 2)) . 

A bit more generally, using the second and the third exact sequences (|32|) 
and (|34|) . we shall examine when the positive cohomologies of: 

^(4,~/Ui.°)7£ ^ x (t') 
do all vanish, and afterward, we shall set: 

£[ := 4 - 4, • • • , Ci : = 4-i - 4 and i' := 4(d - n - 2). 

We assume first that 4-i ^ 1 an d we shall discuss the quite similar case 
4-i = afterward. The consideration of the third exact sequence (l34l) with 
d\ — n — 1 and (4, • • • , 4-i; 0) instead of (4, • • • , 4-i, 0) then necessarily 
conducts us to the study of ^-twisted Schur bundles over P n+1 : 

^•r^- 1,0 Wx(O 

whose Young diagram exponents 4 have values: 

(C... ) Ci,o) = (4...,Ci,o)-(5;,...,Ci 1 o) 

shifted a bit from the values of the £[, where S[ + ■ ■ ■ + S' n _ 1 = k for k = 
0, 1, . . . , n — 1, with of course 8[ — or 1. So to begin with, it is advisable to 
study the cohomology of these ^x-twisted Schur bundles over P n+1 . 

To this aim, we look at the second (short) exact sequence (|32|) written with: 

(4,...,4-i,4,4+i):=(n,---,Ci,0,0), 

for some arbitrary l'[ ^ ■ ■ ■ ^ £"-i ^ an d we abbreviate this exact sequence 
as: 

— > &> — > 3 — vM — ► 0, 
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where & -> P" +1 , £ -> P n+1 and ^ -> X are the bundles: 

^ := n$;^- i,0 ' 0) ® *w(t" - d), 

so that all the cohomology dimensions of ^ and of i2 are known thanks to 
Briickmann's theorem on p. [78] Then in the long exact cohomology sequence 
associated to the short exact sequence: 

— > H°(F n+ \ 9>) — > H°(F n+ \ B) — > H°(X, 0g) — > 
— > H 1 (F n+1 , g) Q — > ffi( P "+i ; g^ — > //i(x, ^) _> 

— ^ ff 2 (P n+1 , g^ — > g 2 (P w+1 , g^ — > # 2 (X, ^) — ► • ■ ■ 

► # n (P" +1 , g) p — + g"(P n+1 , g) p — ► H n {X, M) — > 

y H n+1 {¥ n+1 , &>) n — ■> fP +1 (P" +1 , g)^ — ► 

(the last because ^ — )■ X is a bundle over an n-dimensional basis), all the 
underlined terms will vanish, namely one will have: 

o = Hi(F n+i , n^!;r c - im ® ^ P n + i(t" - d)) ( 9 =i, 2 ... n , n+i), 

= f^(F l + 1 , ^;;"^ 1,0 ' 0) ® ^P~+i(t")) (9 = 1- 2-n, n + 1), 

as soon as the following two inequalities are satisfied by t": 



as is guaranteed by the inequality (1351) of the theorem on p. [78] But the first 
inequality obviously entails the second one, hence we deduce that all positive 
cohomologies: 

o = h«(x, ^;r'"- 1,0 ' 0) ® @x{t")) (i=i, 2-n) 

of & vanish as soon as: 

(36) f^d + i'l + J^-^l. 

We observe that this fact is valid also when t'L+\ = • • • — ■C-i f° r som e largest 
integer n x ^ with l" ni ^ 1, because the second exact sequence d32l) we used is 
subjected to no restriction. 

We now come to dealing with the third exact sequence (|34|) . Cutting a long 
exact sequence in short exact sequences, one may establish the following stan- 
dard lemma, used e.g. in ll36l . 
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Lemma. Consider a holomorphic vector bundle 5? — > X equipped with a free 
resolution of length ^ n provided by a long exact sequence of holomorphic vec- 
tor bundles &/°, &/ 1 , . . . , g/ n over X: 

— ► a/ n — ► ^ n ~ x — ► > srf 1 — > £/° — >y — > 0. 

Then in order that all the positive cohomology groups vanish: 

o = h\x, y) = --- = H n (x, y), 

it suffices that: 

= H\X, fi/°) = H\X, stf 1 ) = H 3 {X, £^ 2 ) = --- = H n (X, ^ n ~ 1 ) 

= H 2 (X, £^°) = H 3 {X, £ / 1 ) = -.. = H n (X, £/ n ~ 2 ) 

= H 3 (X, £/°) = ... = H n (X, £/ n ~ 3 ) 



= H n (X, fi/°). 

So as said a short while ago, we aim to apply this lemma when looking at 
the third exact sequence ( |34l ) which, for the case we are interested in, writes 
precisely under the form: 

o _, njj^Art-w w 8 eAi _ (n _ 1)d) ^ . . 

S'.=0 or 1 

. . . _> n ^ n - i m^...A-,m ^ ffx {t , _ kd) ^... 

,5' = or 1 

In the notations of the lemma, the resolution of: 

is hence of length n — 1 when we set: 

^ := ^■A- 1 AO)-(* i ,.,*-,o,o) 8 ^ _ fcd) 



5'. = or 1 



(fc = 0, 1-ra-l). 



Then for the lemma to yield the vanishing of all the positive cohomologies of 
y = y( e 'i'-' £ 'n-i'°) (g ff x (t'), it is evidently sufficient that plainly all positive 
cohomologies of the stf k vanish: 

= H q (X, £rf k ) (</=l, 2-n; fc = 0, 1-n-l), 



82 Joel Merker 

which is more than what is required in fact. But since each stf k is a direct sum, 
it even suffices that: 

= H*(X, ^WU,o,o)-(* 1 ,..,^ 1 Ao) ^ ^ _ M)) 

(g = l, 2-n; <5^ H h<5;_ 1 = fc; fe = 0, 1-ra-l). 

According to (1361 ), this holds true provided all the following inequalities are sat- 
isfied: 

for every k — 0, 1, . . . , n — 1 and every <%, . . . , ^_ x G {0, 1} with 5^ + • • • + 
<%-i = ^- But since —5[ ^ 1 and since XX - <%) = — &> ^ suffices that, firstly for 
fc = 0,l,...,n-2: 

t'-kd^d + £[ + EITi 1 4 " fc > 
and secondly for k — n — 1, whence — ^ = —1 necessarily: 

(37) £' - (n - l)d ^ d + £[ - 1 + EL"! 1 < - (n - 1). 

But this last inequality, rewritten under the form: 

t'>n(d-l)+£' 1 + Y^:i^ 
visibly entails all the inequalities for k = 0,1, ... ,n — 2. Lastly, replacing 
t' = £ n (d — n — 2) and the £ ■ = £i — £ n by their values, we finally come to the 
numerical condition claimed by the theorem for positive cohomologies of the 
y{h,...,t n -i M T *. t0 vanish. 

To conclude the argument, it only remains to examine what happens with 
the case, left aside, when £' n _ x = 0. In this case, there is a nonnegative integer 
ni < n - 2 with £[ ^ ■ • ■ ^ £' ni > 1 while = ^ l+1 = • ■ ■ = ^_ x . At first, if 
m = 0, i.e. if all the ^ are equal to £ n , then y(^,-M T *. = @ x (£^ d - n -2)) 
reduces to a standard line bundle €?x(t'), and it is well known that: 

= H<>(X, X (t')) ( 9 = l,2...n) 

whenever t' ^ 0. 

Therefore, we may assume that n\ satisfies 1 ^ n x ^ n — 2. As before, the 
subtraction of (K x Y n yields: 

tj = -ti t n , . . . , t^ = t ni t n and U = <- ni _ ) _ 1 = • ■ • = c n _i = t n , 

and again as always t' = £ n (d — n — 2). In the third exact sequence, the factors 

then are: 

,h /T\ „K,...,1 ,o 0,0)-(J!, ...,<5' ,o,...,o,o) „ ,. , ,. 

^ = © fi p-+i ® <M* - kd ) 

S' 1 + -+6' ni =k 

6'. = or 1 

(fc = o, l-m), 
so the positive cohomologies vanish all provided that: 

t' -kd^ d + £[ - 8[ + YhU (K ~ S 'i) (fc = o, i-n i; *! + •••+«;, =m), 
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and because k ^ n,\ ^ n — 2, these inequalities are all less stringent than the 
one (1371 ) we found previously in the case when £' n _ 1 ^ 1 (or equivalently, when 
ri\ = n — 1). This completes the proof of the theorem. □ 
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Synthesis: uniform majoration for the cohomology of Schur bundles. Two 

cohomology controls have been achieved. Firstly, according to the theorem 
stated above on p.|79]and just proved, when: 

4 > ra H d - 1) + 4 - 4 + EITi 1 (4 -4)}, 

the positive cohomologies of Schur bundles vanish: 

= h q (X, yfr&'-Mj*) (9 = 1,2. -n). 

Secondly, according to the theorem stated on p.(37j when: 
\£\ > 1 + 2n 2 + (n + l)(d-n- 2), 
the positive cohomologies enjoy a majoration of the shape: 
h"(X, y(Wz>-M T ^ <; Constant^ • JJ & - *i) { 

l<i<.7<n 

{ E (4-4) ft ---(^-i-C) /J - i e)+ 

+ Constant^ (l + li]^ x ) (g = i,2-n). 

But then we may assume here that: 

4 < ra M<* - 1) + 4 - 4 + E^i 1 (4 - 4)}, 

since otherwise the right-hand side majorant can be replaced by 0, and conse- 
quently, because it follows by exponentiation from such a restriction on £ n that: 

It ^ Constant,,,, ■ J^ ^~ 4)^ " " " (4-i - 4)""" 1 , 

we conclude that whenever \£\ ^ 1 + 2n 2 + (n + l)(d — n — 2), one has: 



h q (x, ,y {ii - 


••A>) T *) ^ Constant,^ JJ (£ - £,) 

+ Constant^ (l + |^| a 


E 

) 


(*i - fc)# • • • (4-i - 

(g=l,2---re). 


-*nV»-* 


+ 
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Application: cohomology control for S'^T^-. Now, we make the following 
observation: no Schur bundle S f '" 1, "' ,tn ' T% for which \£\ < — can appear in the 
decomposition of Gr*<£^T£ provided by the theorem on p. [30l just because all 

the integers A] filling the Young diagram YD(£ lr ,.^) satisfy all 1 ^ A^ ^ k, 
whence: 

\£\ sCm^ k\£\ 

always. Thus, if we assume only that — is larger than the above constant 1 + 
2n 2 + (n + l)(d — n — 2), and we certainly can assume this since both m 3> K 
and k ^> n are supposed to tend to infinity, then the cohomology majoration 
boxed above can be applied to all Schur bundles entering the decomposition of 

Gr"0£. 

We are thus now in a position to accomplish the final series of inequalities. 

For any q — 1, 2, . . . , n, reminding Sections 8, 9 and 10, we have: 
< Constant^ £ J] (^(YT) -^(YT)) { 

YTsemi — standard l<Ci<7 < C?l 
weight(YT) = ?Ti 

{ (4(YT)-4(YT)^--. (A l - 1 (YT)-i n (YT)) /S "- 1 ]+ 

+ Constants £ ^ ^(YT)" 1 • • • £ n (YJ) a " 



^ Constant,,,* ]T ^ (4(YT) - ^(YT))"' 1 • ■ • (4-i(YT) - ^(YT)) ""^ 

+ Constant„. d , K • m (K+1) "~ 2 



< Constant„ d ,, ,U — ,„ , n „ > 

^ n ' a ((K+ljn — 1)! (k!)™ / ^ 

QjH \-oi' n _ 1 = ^^ 

r ^ jv", iV|' K a 

J V^ ( K \\n fj Iff "' 

1 Z^ ^ /^T? (K+^i)- 






^1 '■■■^ T1 _2' K u 

W n-1 n-1 n-1 JV 



• [log(«) - log^l)]"' 1 [log(* + Ml) - log(Ml + M?)P • • • 

• • • [ log(« + vZll + ■■■ + MT 2 ) - log(Mn!i + tAl-l + ■■■+ Mi" 1 )] < - 1 ) + 
Constant„ id , K • m (K+1) ™- 2 
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a'„ , .0 






^ Constant^ ((k ^1) ti _ 1)! ( K ,y Yl 

a[-\ \-oi' n _ 1 

+ Constant,, d . K ■ m (K+1) ™" 2 



A I '" 



^ Constant^ d 



,C»+i)«-i 



Constantn.d K • m 



(«+l)n-2 



(( K +l)n-l)! CkI? 

Lastly, in the trivial minoration: 

h° > X ~ h 2 - h 4 - h 6 

for S^^T X , we may apply the majorations just obtained with q even and deduce 
that: 

h°{X, SSSFx) > X (X, OD - Constant «^gg^ (log «)°- 

- Constant MiK • m (K+1)n " 2 , 

so that we even get a better minoration of h° than the one stated in the Main 



Theorem. 



□ 
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Demailly-Semple invariant jet differentials. The group G K of /t-jets at the 

origin of local reparametrizations 0(C) = C + 4>"(fi) §T + " ' + 0^(0) S + ' ' ' 
of (C, 0) that are tangent to the identity, namely which satisfy 0'(O) = 1, may 

be seen to act linearly on the n^-tuples of jet variables [f^, f" 2 ,..., /j^) by 



plain matrix multiplication, i.e. when we set g\ ' := (/; o 0) , a computation 
applying the chain rule gives for each index i: 



( 9i \ 
9? 

9T 
9'1" 



V gt ] ) 



( i 



b'" 

U/ll 





1 

30" 



0"" Ac/,'" + 30" H" 1 



V 









fi" ° </> 



(i = l ■••n). 



1 J \t ] °t J 



By definition (see [QTl[35l|29l[T7]|X Demailly-Semple invariant jet polynomials 
P(j K f) satisfy, for some integer m: 

P(j K g) = P{f(f o 0)) = 0'(o) m • p((j"/) o 0) = P(Cf /) o 0), 

for any 0. 

Then obviously when 0'(O) = 1, the algebra E™ just coincides with the alge- 
bra of invariants for the linear group action represented by the group of matrices 
just written: 

with 0", 0'", . . . , 0( K ) interpreted as arbitrary complex constants. Such a group 
clearly has dimension k — 1. 

This group of matrices is a subgroup of the full unipotent group, hence it is 
non-reductive, and for this reason, it not immediate to deduce finite generation, 
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valid in the so developed invariant theory of reductive actions, from Hilbert's 
averaging Reynold operator trick. Moreover, though the invariants of the full 
unipotent group are well understood (cf. Section 4), as soon as one looks at a 
proper subgroup of it, formal harmonies happen to be rapidly destroyed. 

Three challenging questions about effectiveness that are, though, only pre- 
liminary. If one prefers to work with Demailly-Semple jets (instead of work- 
ing with plain Green-Griffiths jets), then in order to reach the first stage which 
would correspond to knowing the exact Schur bundle decomposition for S^m^x 
(instead of the one for S^T X provided by the theorem stated at the end of 
Section 4), one would have to answer in an effective way the following three 
challenging questions, for which, step by step, we explain why one should not 
be naive as a platonist-structuralist about what it really means to answer a math- 
ematical question. 

Question 1 : Is the Demailly-Semple algebra finitely generated? 

More precisely: is the algebra of bi-invariant ( Il29l0 jet polynomials finitely 
generated? However, contrary to what is sometimes believed, knowing that 
something is "finite in cardinal" is closer to ignorance than to real knowledge, 
mathematically-ontologically speaking, and as an instance of this philosophi- 
cal claim, it would be absolutely useless to know that the algebra of Demailly- 
Semple jet polynomials is generated, as an algebra, by a certain huge number, 
say ^ 2 2nK , of basic jet polynomials. For effective applications to the Green- 
Griffiths conjecture, one would in fact need to know not only the exact minimal 
number for such a system of generators, but also the weight of each a genera- 
tor, and even all the generators themselves. However and most importantly, this 
would even not at all be enough, as the second obstacle comes immediately. 

Question 2: Is the ideal of relations between a set of basic generating Demailly- 
Semple invariants finitely generated? 

Again, in order to be able to describe the exact Schur bundle decomposition as 
was done in Section 4, it is absolutely necessary to describe effectively and for 
arbitrary n, K the ideal of relations. For jets of order k = 4 in dimension n — 4, 
we were unable to describe the full ideal of relations between the 2835 basic 
generating invariants listed in IJ291 , not to mention that we ignore what is the 
minimal number of generators. We were saved in ||29l by the fact that there are 
"only" 16 basic bi-invariants (minimal number) and "only" 41 relations between 
therro (in a Grobner basis for a certain lexicographic order). 

All these speculative considerations lead us in fine to the main metaphysical 
question: Are there observable, simple mathematical harmonies in a certain set 
of generators and for all the relations between them? Without harmonies, there 
is absolutely no hope to treat the case where n and k are arbitrary. For n = 
2, k = 5 and for n = 4, k = 4, we were unable, in 11291 , to discover any 



We believe that one could attack the seemingly accessible case n = 5, k = 5. 
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combinatorially convincing global formal harmonies. Nevertheless, there could 
yet be some slight hope as follows. 

Question 3: Is the algebra of bi-invariants Cohen-Macaulay? 

Well, this would be nice. For reductive group actions, this is known to be true, 
but however, almost never in a neat effective way. At least, one could dream that 
the Demailly-Semple algebra is Cohen-Macaulay and that a basis of so-called 
primary invariants presents some understandable harmonies. It is known, then, 
that the effective calculations about Euler-Poincare characteristic and cohomolo- 
gies with an adapted reduced Schur bundle decomposition become much more 
tractable when one looks only at primary invariants. But for n = 4, k = 4 and 
for n = 2, k = 5, going through the mutually independent bi-invariant we ex- 
hibited in ||29l and trying to change the generators, we were unable to see or to 
devise a neat basis of primary invariants, though for n = 2, k = 4, one easily 
discovers such a basis at first glance. Again, a non-effective theorem claiming 
"the algebra of Demailly-Semple is Cohen-Macaulay" would be useless toward 
the Green-Griffiths conjecture because rather, one would really need to know 
the exact description of a basis of primary invariants with all their weights in 
order to start continuing working toward the Green-Griffiths conjecture. But if 
the algebra is not even Cohen-Macaulay, well, the next tasks could be even more 
extremely challenging because, as we already saw, the end of Section 4 opens 
several doors to other fields of hard effective computations when one just deals 
with the much simpler Green-Griffiths jets. 

Last but not least, we would like to insist on the fact that in the state of 
affairs which is current since the 19 th Century, even for the most studied re- 
ductive action of SL 2 (C) on binary forms of degree d in (only) two variables, 
the effective answers to Questions 1, 2 and 3 is unknown for arbitrary d, and is 
rather extremely challenging in fact. Cayley, Sylvester, Gordan, Noether, Popov, 
Grosshans, Springer, Dixmier, Lazard, Bedratyuk and others did not find any 
complete closed global tamed combinatorial harmonies valid for arbitrary d. 
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